Polysymplectic Hamiltonian Field Theory by Sardanashvily, G.
ar
X
iv
:1
50
5.
01
44
4v
1 
 [m
ath
-p
h]
  6
 M
ay
 20
15
Polysymplectic Hamiltonian Field Theory
G. SARDANASHVILY,
Department of Theoretical Physics, Moscow State University, Russia
Abstract
Applied to field theory, the familiar symplectic technique leads to instantaneous Hamil-
tonian formalism on an infinite-dimensional phase space. A true Hamiltonian partner of
first order Lagrangian theory on fibre bundles Y → X is covariant Hamiltonian formal-
ism in different variants, where momenta correspond to derivatives of fields relative to all
coordinates on X. We follow polysymplectic (PS) Hamiltonian formalism on a Legendre
bundle over Y provided with a polysymplectic TX-valued form. If X = R, this is a case of
time-dependent non-relativistic mechanics. PS Hamiltonian formalism is equivalent to the
Lagrangian one if Lagrangians are hyperregular. A non-regular Lagrangian however leads
to constraints and requires a set of associated Hamiltonians. We state comprehensive rela-
tions between Lagrangian and PS Hamiltonian theories in a case of semiregular and almost
regular Lagrangians. Quadratic Lagrangian and PS Hamiltonian systems, e.g. Yang – Mills
gauge theory are studied in detail. Quantum PS Hamiltonian field theory can be developed
in the frameworks both of familiar functional integral quantization and quantization of the
PS bracket.
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Introduction
Applied to field theory, the familiar symplectic Hamiltonian technique takes the form of instanta-
neous Hamiltonian formalism on an infinite-dimensional phase space, where canonical coordinates
are field functions at some instant of time [19]. The true Hamiltonian counterpart of classical
first order Lagrangian field theory on a fibre bundle Y → X is covariant Hamiltonian formal-
ism, where canonical momenta pµi correspond to jets y
i
µ of field variables y
i with respect to all
coordinates (xµ) on a base X . This formalism has been vigorously developed since 1970s in the
Hamilton – De Donder, polysymplectic, multisymplectic, k-symplectic, k-cosymplectic and other
variants (see [4, 5, 7, 8, 11, 18, 20, 21, 25, 26, 27, 28, 31, 34, 35, 36, 37, 52] and references therein).
Here, we are not concerned with higher order Lagrangian theory [3, 33, 48, 51] and poly-
Poisson formalism [22, 32].
We follow polysymplectic (PS) Hamiltonian formalism where the Legendre bundle Π (1.15)
plays a role of the momentum phase space of field theory on a fibre bundle Y → X [10, 11, 15,
37, 38, 40]. It is provided with the canonical TX-valued PS form (3.1) and, if Y → X is a vector
bundle, with the PS bracket (4.3) (Section 4).
If X = R, this is the case of Hamiltonian time-dependent (non-autonomous) non-relativistic
mechanics on a fibre bundle Q → R [17, 42, 44]. Its momentum phase space is the vertical
cotangent bundle V ∗Q of Q→ R endowed with the vertical (fibrewise) Poisson structure (7.11)
(Section 7).
A Hamiltonian in PS theory on the Legendre bundle Π (1.15) is defined as a section h of
the one-dimensional affine bundle ZL → Π (1.25) where ZY (1.22) is a homogeneous Legendre
bundle endowed with the canonical multisymplectic form (5.1)). Its pull-back with respect to a
Hamiltonian −h is a Hamiltonian form H (5.2) on a Legendre bundle Π. It defines the first order
covariant Hamilton equation (6.4) – (6.5) on Π.
The Legendre bundle Π (1.15) and the homogeneous Legendre bundle ZY (1.22) play a role of
the momentum and homogeneous momentum phase spaces in PS Hamiltonian theory, respectively
(Sections 5 – 6).
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Any first order Lagrangian L (1.6) on a jet manifold J1Y yields the Legendre map L̂ :
J1Y → Π (1.14). Conversely, any Hamiltonian form H (5.2) on Π defines the momentum
map Ĥ : Π → J1Y (5.9). With the Legendre and momentum maps, on can relate Lagrangian
formalism on J1Y and PS Hamiltonian formalism on Π. They are not equivalent in general.
Lagrangian and PS Hamiltonian formalisms are equivalent in a case of a hyperregular Lagran-
gian L (Theorem 9.1). In Section 9, we state the comprehensive relations between Lagrangian
and PS theories in a case of semiregular and almost regular Lagrangians (Definition 1.1).
It should be emphasized that PS Hamiltonian formalism on a Legendre bundle Π is equivalent
to particular first order Lagrangian theory on Π. Given the Hamiltonian form H (5.2) on Π, the
corresponding covariant Hamilton equation (6.4) – (6.5) is the Euler – Lagrange equation (1.8) of
the affine first order Lagrangian LH (6.2) (Theorem 6.2). Moreover, it follows from the equality
(10.15) that a Hamiltonian form H possesses the same classical symmetries as a Lagrangian LH
(Section 10). This fact enable us to describe symmetries of PS Hamiltonian theory similarly to
those in Lagrangian formalism.
In Section 11, the vertical extension of Lagrangian and PS Hamiltonian systems are consid-
ered. They describe linear deviations of solutions of Euler – Lagrange and covariant Hamilton
equations which are Jacobi fields.
Section 12 provides the detailed analysis of quadratic Lagrangian and PS Hamiltonian sys-
tems. The most physically relevant example of these systems is Yang – Mills gauge theory of
principal connections (Section 13). Its analysis shows that the main ingredients in gauge theory
are not directly related with the gauge invariance property, but are common for theories with
almost regular quadratic Lagrangians.
Affine Lagrangian and PS Hamiltonian systems also are considered (Section 14). For instance,
this is the case of metric-affine gravitation theory [10, 38, 40].
In order to quantize covariant Hamiltonian field theory, one usually attempts to construct
different multimomentum generalizations of a Poisson bracket [8, 9, 21, 23, 24]. In Section 16,
we discuss some variants of such kind quantization based on the PS bracket (4.3).
At the same time, the above mentioned fact that PS Hamiltonian formalism on a Legendre
bundle Π is equivalent to particular first order Lagrangian theory on Π enables us to quantize PS
Hamiltonian field theory in the framework of familiar perturbative quantum field theory (Section
15).
Throughout the work, we follow familiar technique of fibre bundles, jet manifolds and con-
nections [30, 45, 47]. All morphisms are smooth, and manifolds are smooth real and finite-
dimensional. Smooth manifolds customarily are assumed to be Hausdorff second-countable and,
consequently, locally compact and paracompact. Unless otherwise stated, they are connected.
The standard symbols ⊗, ∨, and ∧ stand for the tensor, symmetric, and exterior products,
respectively. The interior product (contraction) is denoted by ⌋. By ∂AB are meant the partial
derivatives with respect to coordinates with indices BA .
If Z is a manifold, we denote by
piZ : TZ → Z, pi
∗
Z : T
∗Z → Z
its tangent and cotangent bundles, respectively. Given manifold coordinates (zα) on Z, they are
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equipped with the holonomic coordinates
(zλ, z˙λ), z˙′λ =
∂z′λ
∂zµ
z˙µ, (zλ, z˙λ), z˙
′
λ =
∂z′µ
∂zλ
z˙µ,
with respect to the holonomic frames {∂λ} and coframes {dzλ} in the tangent and cotangent
spaces to Z, respectively. Any manifold morphism f : Z → Z ′ yields the tangent morphism
Tf : TZ → TZ ′, z˙′λ ◦ Tf =
∂fλ
∂xµ
z˙µ.
We use the compact notation ∂˙µ = ∂/∂z˙
µ.
Given a fibre bundle Y → X endowed with bundle coordinates (xλ, yi), we denote by V Y and
V ∗ its vertical tangent and cotangent bundles provided with holonomic coordinates (xλ, yi, y˙i)
and (xλ, yi, yi), respectively.
The symbol C∞(Z) stands for the ring of smooth real functions on a manifold Z.
1 First order Lagrangian formalism on fibre bundles
As was mentioned above, we restrict our consideration to first order Lagrangian formalism on a
smooth fibre bundle pi : Y → X over an oriented (1 < n)-dimensional base X (see Section 7 for
a case of n = 1) [10, 15, 45]. Let Y be provided with an atlas of bundle coordinates (xλ, yi).
A velocity phase space of first order Lagrangian theory on a fibre bundle Y is the first order
jet manifold J1Y of sections of Y → X (or, simply, of Y ). It is endowed with the adapted
coordinates (xλ, yi, yiλ) possessing transition functions
y′
i
λ =
∂xµ
∂x′λ
(∂µ + y
j
µ∂j)y
′i. (1.1)
There are natural fibrations
pi1 : J1Y → X, pi10 : J
1Y → Y, (1.2)
where the latter is an affine bundle modelled over a vector bundle
T ∗X ⊗
Y
V Y → Y. (1.3)
There are the canonical imbeddings
λ(1) : J
1Y →
Y
T ∗X ⊗
Y
TY, λ(1) = dx
λ ⊗ (∂λ + y
i
λ∂i) = dx
λ ⊗ dλ, (1.4)
θ(1) : J
1Y →
Y
T ∗Y ⊗
Y
V Y, θ(1) = (dy
i − yiλdx
λ)⊗ ∂i = θ
i ⊗ ∂i, (1.5)
where dλ denote the total derivatives, and θ
i are local contact forms.
A first order Lagrangian of Lagrangian theory on a fibre bundle Y → X is defined as a density
L = Lω : J1Y →
n
∧ T ∗X (1.6)
on the first order jet manifold J1Y of Y where, for the sake of simplicity, we denote
n
∧T ∗X = pi∗1(
n
∧T ∗X) = J1Y ×
X
n
∧T ∗X = J1Y ×
Y
n
∧T ∗X.
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The corresponding second-order Euler – Lagrange operator reads
δL = EL : J
2Y → T ∗Y ∧ (
n
∧ T ∗X),
EL = (∂iL − dλpi
λ
i )θ
i ∧ ω, piλi = ∂
λ
i L, (1.7)
dλ = ∂λ + y
i
λ∂i + y
i
λµ∂
µ
i ,
where J2Y is the second order jet manifold of Y → X coordinated by (xλ, yi, yiλ, y
i
λµ = y
i
µλ).
Its kernel Ker EL ⊂ J
2Y is the second order Euler – Lagrange equation on Y locally given by
equalities
δiL(∂i − dλ∂
λ
i )L = 0. (1.8)
Remark 1.1. Strictly speaking, the Euler – Lagrange equation (1.8) fails to be a differential
equation in general because Ker EL ⊂ J2Y need not be a closed subbundle of J2Y → X [10, 15].
•
In a general setting, Lagrangians (1.6) and Euler – Lagrange operators δL (1.7) in Lagrangian
formalism on a fibre bundle Y → X are introduced as elements of the variational bicomplex of
exterior forms on an infinite order jet manifold J∞Y [13, 15, 45]. Its cohomology defines the
global variational decomposition
dL = δL− dHΞL (1.9)
over J2Y where
dHφ = dx
λ ∧ dλφ (1.10)
is the total differential of exterior forms φ on J2Y , and ΞL is some Lepage form which is a Lepage
equivalent of a Lagrangian L, i.e.,
L = h0(ΞL),
h0(dx
λ) = dxλ, h0(dy
i) = yiλdx
λ, h0(dy
i
µ) = y
i
λµdx
λ.
Defined up to a dH -closed form, a form ΞL reads
ΞL = L+ (pi
λ
i − dµσ
µλ
i )θ
i ∧ ωλ + σ
λµ
i θ
i
µ ∧ ωλ, ωλ = ∂λ⌋ω, (1.11)
where σµλi = −σ
λµ
i are skew-symmetric local functions on Y . Lepage equivalents constitute an
affine space modelled over a vector space of dH -exact one-contact Lepage forms
ρ = −dµσ
µλ
i θ
i ∧ ωλ + σ
λµ
i θ
i
µ ∧ ωλ.
Let us choose the Poincare´ – Cartan form
HL = Lω + pi
λ
i θ
i ∧ ωλ (1.12)
as the origin of this affine space because it is defined on J1Y .
Given the Lagrangian L (1.6), let us consider the vertical tangent map
V L : VY J
1Y −→
Y
VY J
1Y ×
Y
n
∧T ∗X (1.13)
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to L over Y , where VY J
1Y denotes the vertical tangent bundle of J1Y → Y . Since J1Y → Y is
an affine bundle modelled over the vector bundle (1.3), we have the canonical vertical splitting
VY J
1Y = J1Y ×
Y
(T ∗X ⊗
Y
V Y ).
Accordingly, the vertical tangent map V L (1.13) yields a linear morphism
J1Y ×
Y
(T ∗X ⊗
Y
V Y ) −→ J1Y ×
Y
(
n
∧ T ∗X)
over J1Y and the corresponding morphism
L̂ : J1Y → V ∗Y ⊗
Y
(
n
∧ T ∗X)⊗
Y
TX (1.14)
over Y . It is called the Legendre map associated to a Lagrangian L.
A fibre bundle
Π = V ∗Y ⊗
Y
(
n
∧T ∗X)⊗
Y
TX
piΠY−→Y (1.15)
over Y is called the Legendre bundle. It is provided with the holonomic coordinates (xλ, yi, pλi )
possessing transition functions
p′
λ
i = det
(
∂xε
∂x′ν
)
∂yj
∂y′i
∂x′
λ
∂xµ
pµj . (1.16)
With respect to these coordinates, the Legendre map (1.14) reads
pλi ◦ L̂ = pi
λ
i . (1.17)
Remark 1.2. There is the canonical isomorphism
Π = V ∗Y ∧
Y
(
n−1
∧ T ∗X), (pλi )→ p
λ
i dy
iωλ, (1.18)
where {dyi} are fibre bases for the vertical cotangent bundle V ∗Y of Y → X . •
Certainly, the Legendre map (1.14) need not be a bundle isomorphism. Its range
NL = L̂(J
1Y ) ⊂ Π (1.19)
is called the Lagrangian constraint space.
Definition 1.1. A Lagrangian L is said to be:
• hyperregular if the Legendre map L̂ is a diffeomorphism;
• regular if L̂ is a local diffeomorphism over Y , i.e., det(∂µi ∂
ν
j L) 6= 0;
• semiregular if the inverse image L̂−1(z) of any point z ∈ NL is a connected submanifold of
J1Y ;
• almost regular if the Lagrangian constraint space NL (1.19) is a closed imbedded subbundle
iN : NL → Π (1.20)
of a Legendre bundle Π→ Y and the Legendre map
L̂ : J1Y → NL (1.21)
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is a fibred manifold with connected fibres (i.e., a Lagrangian L is semiregular). 
The Poincare´ – Cartan form (1.12) in turn takes its values into a subbundle
J1Y ×
Y
(T ∗Y ∧
Y
(
n−1
∧ T ∗X))
of
n
∧T ∗J1Y . Hence, it defines a bundle morphism
ĤL : J
1Y → ZY = T
∗Y ∧
Y
(
n−1
∧ T ∗X), (1.22)
over Y whose range
ZL = ĤL(J
1Y ) (1.23)
is an imbedded subbundle iL : ZL → ZY of the fibre bundle ZY → Y (1.22). This morphism is
called the homogeneous Legendre map. Accordingly, the fibre bundle ZY → Y (1.22) is said to
be the homogeneous Legendre bundle. It is equipped with holonomic coordinates (xλ, yi, pλi , p)
possessing transition functions
p′
λ
i = det
(
∂xε
∂x′ν
)
∂yj
∂y′i
∂x′
λ
∂xµ
pµj , p
′ = det
(
∂xε
∂x′ν
)(
p−
∂yj
∂y′i
∂y′
i
∂xµ
pµj
)
. (1.24)
With respect to these coordinates, the morphism ĤL (1.22) reads
(pµi , p) ◦ ĤL = (pi
µ
i ,L − y
i
µpi
µ
i ).
A glance at the transition functions (1.24) shows that ZY (1.22) is a one-dimensional affine
bundle
piZΠ : ZY → Π (1.25)
over the Legendre bundle Π (1.18) modelled over the pull-back vector bundle
Π×
X
n
∧T ∗X → Π. (1.26)
Moreover, the Legendre map L̂ (1.14) is exactly the composition of morphisms
L̂ = piZΠ ◦ ĤL : J
1Y →
Y
Π. (1.27)
As was mentioned above, the Legendre bundle Π (1.15) and the homogeneous Legendre bundle
ZY (1.22) play a role of the momentum phase space and a homogeneous momentum phase space
in PS Hamiltonian theory, respectively (Section 5).
2 Cartan and Hamilton – De Donder equations
Note that the Euler – Lagrange equation (1.8) do not exhaust all equations considered in first
order Lagrangian theory.
Being a Lepage equivalent of a Lagrangian L, the Poincare´ – Cartan form HL (1.12) also is
a Lepage equivalent of a first order Lagrangian
L = ĥ0(HL) = (L+ (ŷ
i
λ − y
i
λ)pi
λ
i )ω, ĥ0(dy
i) = ŷiλdx
λ, (2.1)
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on the repeated jet manifold J1J1Y , coordinated by (xλ, yi, yiλ, ŷ
i
µ, y
i
µλ).
The Euler – Lagrange operator for L (called the Euler – Lagrange – Cartan operator) reads
δL = EL : J
1J1Y → T ∗J1Y ∧ (
n
∧ T ∗X),
EL = [(∂iL − d̂λpi
λ
i + ∂ipi
λ
j (ŷ
j
λ − y
j
λ))dy
i + ∂λi pi
µ
j (ŷ
j
µ − y
j
µ)dy
i
λ] ∧ ω, (2.2)
d̂λ = ∂λ + ŷ
i
λ∂i + y
i
λµ∂
µ
i .
Its kernel Ker EL ⊂ J
1J1Y is the first order Cartan equation on J1Y locally given by equalities
∂λi pi
µ
j (ŷ
j
µ − y
j
µ) = 0, (2.3)
∂iL− d̂λpi
λ
i + (ŷ
j
λ − y
j
λ)∂ipi
λ
j = 0. (2.4)
Since EL|J2Y = EL, the Cartan equation (2.3) – (2.4) is equivalent to the Euler – Lagrange
on (1.8) on integrable sections s = J1s of J1Y → X , where s are sections of Y → X . These
equations are equivalent if a Lagrangian is regular. The Cartan equation (2.3) – (2.4) on sections
s : X → J1Y is equivalent to the relation
s∗(u⌋dHL) = 0, (2.5)
which is assumed to hold for all vertical vector fields u on J1Y → X .
The homogeneous Legendre bundle ZY (1.22) admits the canonical multisymplectic Liouville
form
ΞY = pω + p
λ
i dy
i ∧ ωλ. (2.6)
Accordingly, its imbedded subbundle ZL (1.23) is provided with the pull-back De Donder form
ΞL = i
∗
LΞY . There is the equality
HL = Ĥ
∗
LΞL = Ĥ
∗
L(i
∗
LΞY ). (2.7)
By analogy with the Cartan equation (2.5), the Hamilton – De Donder equation for sections r
of ZL → X is written as
r∗(u⌋dΞL) = 0, (2.8)
where u is an arbitrary vertical vector field on ZL → X . Then the following holds [18].
Theorem 2.1. Let the homogeneous Legendre map ĤL be a submersion. Then a section s
of J1Y → X is a solution of the Cartan equation (2.5) iff ĤL ◦ s is a solution of the Hamilton
– De Donder equation (2.8), i.e., the Cartan and Hamilton – De Donder equations are quasi-
equivalent. 
Note that the Cartan and Hamilton – De Donder equations play a role of the Lagrangian
partners of Hamilton equations in PS Hamiltonian theory (Section 9).
3 Polysymplectic structure
Treated as a momentum phase space of fields, the Legendre bundle Π (1.15) is endowed with the
following polysymplectic (PS) structure.
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There is the canonical bundle monomorphism
ΘY : Π −→
Y
n+1
∧ T ∗Y ⊗
Y
TX, ΘY = p
λ
i dy
i ∧ ω ⊗ ∂λ, (3.1)
called the tangent-valued Liouville form on Π. Strictly speaking, it is TX-valued, but not a
tangent-valued (i.e., TΠ-valued) form on Π. Therefore, standard technique of tangent-valued
forms, as like as that of exterior forms, is not applied to ΘY (3.1).
At the same time, there is a unique TX-valued (n+ 2)-form
ΩY = dp
λ
i ∧ dy
i ∧ ω ⊗ ∂λ (3.2)
on Π such that the relation
ΩY ⌋φ = d(ΘY ⌋φ) (3.3)
holds for an arbitrary exterior one-form φ on X . The form (3.2) is called the polysymplectic
(PS) form.
Remark 3.1. It should be emphasized that, following [20], one often provides Π (1.15) with
an exterior form
dpλi ∧ dy
i ∧ ωλ, ωλ = ∂λ⌋ω,
which however globally is ill defined because it is not maintained under the transition functions
(1.16) (cf. the form (1.18)). Our variant of PS formalism on the Legendre bundle Π (1.15) is
based just on the TX-valued PS form ΩY (3.2) [10, 11, 15, 37, 40]. •
Let J1Π be the first order jet manifold of a fibre bundle Π → X . It is equipped with the
adapted coordinates (xλ, yi, pλi , y
i
µ, p
λ
µi). A connection
γ = dxλ ⊗ (∂λ + γ
i
λ∂i + γ
µ
λi∂
i
µ) (3.4)
on Π→ X is called the Hamiltonian connection if an exterior form
γ⌋ΩY = (∂λ + γ
i
λ∂i + γ
µ
λi∂
i
µ)⌋(dp
λ
i ∧ dy
i ∧ ω)
on J1Π is closed. Components of a Hamiltonian connection satisfy the conditions
∂iλγ
j
µ − ∂
j
µγ
i
λ = 0, ∂iγ
µ
µj − ∂jγ
µ
µi = 0, ∂jγ
i
λ + ∂
i
λγ
µ
µj = 0. (3.5)
If a form γ⌋ΩY is closed, there is a contractible neighborhood U of each point of Π where a
local form γ⌋ΩY is exact, i.e.,
γ⌋ΩY = dp
λ
i ∧ dy
i ∧ ωλ − (γ
i
λdp
λ
i − γ
λ
λidy
i) ∧ ω = dHU (3.6)
on U . It is readily observed that, by virtue of the conditions (3.5), the second term in the right-
hand side of this equality also is closed and, consequently, an exact form on U . In accordance
with the relative Poincare´ lemma ([10], Remark 4.4.2), this term can be brought into the form
dHU ∧ ω where HU is a local function on U . Then a form HU in the expression (3.6) reads
HU = p
λ
i dy
i ∧ ωλ −HUω. (3.7)
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Example 3.2. Every connection
Γ = dxλ ⊗ (∂λ + Γ
i
λ∂i) (3.8)
on a fibre bundle Y → X gives rise to a connection
Γ˜ = dxλ ⊗ [∂λ + Γ
i
λ(y)∂i + (−∂jΓ
i
λp
µ
i +Kλ
µ
νp
ν
j −Kλ
α
αp
µ
j )∂
j
µ] (3.9)
on a Legendre bundle Π→ X , where K is a symmetric linear connection
K = dxλ ⊗ (∂λ +Kλ
µ
ν x˙
ν ∂
∂x˙µ
), (3.10)
on the tangent bundle TX → X . Due to the isomorphism (1.18), the connection (3.9) is con-
structed as follows [10]. It is a tensor product
Γ˜ = (Γ×K)⊗
Γ
V ∗Γ (3.11)
over Γ of the product connection Γ×K on the pull-back bundle
Y ×
X
n−1
∧ T ∗X → X
and the covertical connection V ∗Γ to Γ:
V ∗Γ = dxλ ⊗ (∂λ + Γ
i
λ
∂
∂yi
− ∂jΓ
i
λyi
∂
∂yj
), (3.12)
on the vertical cotangent bundle V ∗Y → X . Since the connections Γ × K and V ∗Γ are linear
connections over Γ, their tensor product (3.11) is well defined. The connection (3.9) on Π→ X ,
by construction, projects onto the connection Γ on Y → X . It obeys a relation
Γ˜⌋ΩY = −d(Γ⌋ΘY ) = dHΓ
where a form
HΓ = Γ
∗ΞY = p
λ
i dy
i ∧ ωλ − p
λ
i Γ
i
λω (3.13)
globally is well defined. It follows that Γ˜ (3.9) is a Hamiltonian connection. •
Thus, Hamiltonian connections always exist on a Legendre bundle Π → X , and every con-
nection Γ on Y → X gives rise to a Hamiltonian connection on Π→ X .
4 PS bracket
If Y → X is a vector bundle, the Legendre bundle Π (1.15) also is provided with a PS bracket.
Note that different generalizations of a Poisson bracket have been suggested in the framework of
covariant Hamiltonian field theory [8, 9, 21, 23, 24, 29]. Here, we consider such a bracket in the
framework of PS geometry, but it differs from that in our work [29]. In a case of time-dependent
mechanics it reduces to the familiar vertical Poisson bracket {, }V (7.11) [17, 44].
Given an exterior bundle
∧TX = (X × R)⊕
X
TX⊕
X
2
∧TX⊕
X
· · · ⊕
X
n
∧ TX
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let us consider a fibre bundle
Π×
X
(∧TX ⊗
n
∧T ∗X)→ Π. (4.1)
One can think of its sections
F =
1
k!
Fµ1...µk∂µ1 ∧ · · · ∧ ∂µk ⊗ ω, |F | = k, (4.2)
as being TX-multivalued densities on Π. Let T ∗(Π) denote their real space. It is an exterior
algebra with respect to the exterior product
F ∧G =
1
k!q!
Fµ1...µkGν1...αq∂µ1 ∧ · · · ∧ ∂µk ∧ ∂α1 ∧ · · · ∧ ∂αq ⊗ ω,
|F ∧G| = |F |+ |G|, F ∧G = (−1)|F ||G|G ∧ F.
A manifested PS bracket on elements F (4.2) of an algebra T ∗Π) is introduced by the law
{F,G}PS =
1
(k − 1)!q!
∂Fµµ2...µk
∂pµi
∂Gα1...αq
∂yi
∂µ2 ∧ · · · ∧ ∂µk ∧ ∂α1 ∧ · · · ∧ ∂αq ⊗ ω −
1
(q − 1)!k!
∂Gαα2...αq
∂pαj
∂Fµ1...µk
∂yj
∂α2 ∧ · · · ∧ ∂αq ∧ ∂µ1 ∧ · · · ∧ ∂µk ⊗ ω. (4.3)
If Y → X is a vector bundle, it is maintained under the transformations (1.16) and, consequently,
globally is well defined.
The PS bracket (4.3) obeys the relations
{F,G}PS = −{G,F}PS, |{F,G}PS | = |F |+ |G| − 1.
The Jacobi identity
{S, {G,F}}PS + {G, {F, S}}PS + {F, {S,D}}PS = 0
also holds if all the products
|S − 1||G− 1|, |G− 1||F − 1|, |F − 1||S − 1|
are even. In particular, it follows that a space of TX-valued densities F ∈ T 1(Π) constitute a
real Lie algebra with respect to the PS bracket {, }PS (4.3).
If dimX = 1, the PS bracket (4.3) always is defined and, as was mentioned above, it is
reduced to the Poisson bracket {, }V (7.11) of the canonical vertical Poisson structure on the
vertical cotangent bundle V ∗Y (Section 7).
It should be emphasized that the PS bracket {F,G}PS (4.3), as like as the Poisson bracket
{, }V (7.11), fails to describe dynamics of Hamiltonian systems [29], but in particular it yields
the bracket (10.21) of Noether Hamiltonian currents. Similarly, the Poisson bracket {, }V (7.11)
defines a Lie bracket of Noether currents in mechanics [17].
The PS bracket (4.3) can be applied to quantization of Hamiltonian field systems (Section
16).
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5 Hamiltonian forms
In the framework of PS formalism, dynamics of sections of the Legendre bundle Π (1.15) is
described in terms of Hamiltonian forms.
Let us consider the homogeneous Legendre bundle ZY (1.22) and the affine bundle ZY → Π
(1.25) modelled over the pull-back bundle (1.26). The homogeneous Legendre bundle ZY is
provided with the canonical multisymplectic Liouville form ΞY (2.6). Its exterior differential
dΞY is the canonical multisymplectic form
ΩY = dp ∧ ω + dp
λ
i ∧ dy
i ∧ ωλ. (5.1)
Let h = −Hω be a section the affine bundle ZY → Π (1.25). A glance at the transformation
law (1.24) shows that it is not a density. By analogy with Hamiltonian time-dependent mechanics
(Section 7), −h is said to be the covariant Hamiltonian of PS Hamiltonian theory. It defines the
pull-back
H = h∗ΞY = p
λ
i dy
i ∧ ωλ −Hω (5.2)
of the multisimplectic Liouville form ΞY onto a Legendre bundle Π which is called the Hamiltonian
form on Π.
The following is a straightforward corollary of this definition.
Theorem 5.1. (i) Every connection Γ (3.8) on a fibre bundle Y → X yields a section
Γ = dyi → dyi − Γiλdx
λ
of a fibre bundle T ∗Y → V ∗Y which gives rise to a section
hΓ : p
λ
i dy
i ⊗ ωλ → p
λ
i dy
i ∧ ωλ − p
λ
i Γ
i
λω
of the affine bundle (1.25). Consequently, it defines a Hamiltonian form
h∗ΓΞ = p
λ
i dy
i ∧ ωλ − p
λ
i Γ
i
λω (5.3)
on a Legendre bundle Π which coincides with the form HΓ (3.13).
(ii) Hamiltonian forms constitute a non-empty affine space modelled over the linear space of
densities H˜ = H˜ω on Π→ X which are sections of the pull-back bundle (1.26).
(iii) Given a connection Γ on Y → X , every Hamiltonian formH (5.2) admits a decomposition
H = HΓ − H˜Γ = p
λ
i dy
i ∧ ωλ − p
λ
i Γ
i
λω − H˜Γω. (5.4)

Moreover, every Hamiltonian form H (5.2) admits the canonical decomposition (5.12) as
follows.
We agree to call any bundle morphism
Φ = dxλ ⊗ (∂λ +Φ
i
λ(x
µ, yj, pµj )∂i) : Π →
Y
J1Y (5.5)
over Y the Hamiltonian map.
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In particular, let Γ be a connection on Y → X . Then the composition
Γ̂ = Γ ◦ piΠY = dx
λ ⊗ (∂λ + Γ
i
λ∂i) : Π→ Y → J
1Y (5.6)
is a Hamiltonian map. Conversely, every Hamiltonian map Φ : Π → J1Y yields the associated
connection
ΓΦ = Φ ◦ 0̂ = dx
λ ⊗ (∂λ +Φ
i
λ(x
µ, yj, 0)∂i) (5.7)
on Y → X , where 0̂ is the global zero section of a Legendre bundle Π → Y . In particular, we
have ΓΓ̂ = Γ.
Theorem 5.2. Every Hamiltonian map (5.5) defines a Hamiltonian form
HΦ = −Φ⌋ΘY = p
λ
i dy
i ∧ ωλ − p
λ
i Φ
i
λω. (5.8)

Proof. Given an arbitrary connection Γ on a fibre bundle Y → X , the corresponding Ha-
miltonian map (5.6) defines the form −Γ̂⌋ΘY which is exactly the Hamiltonian form HΓ (3.13).
Since Φ − Γ̂ is a V Y -valued basic one-form on Π → X , HΦ − HΓ is a density on Π. Then the
result follows from item (ii) of Theorem 5.1. •
The converse also is true.
Theorem 5.3. Every Hamiltonian form H (5.2) on a Legendre bundle Π → Y yields the
associated Hamiltonian map
Ĥ : Π→ J1Y, yiλ ◦ Ĥ = ∂
i
λH. (5.9)

Proof. In accordance with Theorem 6.2 below, any Hamiltonian form H admits the associated
Hamiltonian connection γH (6.1) and defines the Hamiltonian map (5.9):
Ĥ = J1piΠY ◦ γH : Π→ J
1Π→ J1Y. (5.10)
•
Corollary 5.4. Every Hamiltonian form H (5.2) on a Legendre bundle Π → Y yields the
associated connection (5.7):
ΓH = Ĥ ◦ 0̂ = dx
λ ⊗ (∂λ + ∂
i
λH(x
µ, yj, 0)∂i) (5.11)
on a fibre bundle Y → X . 
In particular, we have ΓHΓ = Γ, where HΓ is the Hamiltonian form (3.13) associated to a
connection Γ on Y → X .
Corollary 5.5. Every Hamiltonian form H (5.2) admits the canonical splitting
H = HΓH − H˜. (5.12)

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Remark 5.1. A Hamiltonian form is the main ingredient in PS Hamiltonian formalism
because just it defines the covariant Hamilton equation (Section 6). Since Hamiltonian forms are
the pull-back of the canonical multisymplectic form (5.1) on the homogeneous Legendre bundle
ZY one can treat the latter as a homogeneous momentum phase space of PS formalism by analogy
with the cotangent bundle in time-dependent mechanics (Section 7). •
6 Covariant Hamilton equations
Let γ (3.4) be a Hamiltonian connection on a Legendre bundle Π→ X .
Given a connection Γ on a fibre bundle Y → X , the local form HU (3.7) in the expression
(3.6) can be written as
HU = HΓ − H˜Γω,
where HΓ is the Hamiltonian form (5.3) and H˜Γω is a local density on Π. In accordance with
item (ii) of Theorem 5.1, it follows that HU is a local Hamiltonian form. Thus, we have proved
the following.
Theorem 6.1. For every Hamiltonian connection γ (3.4) on a Legendre bundle Π → X ,
there exists a local Hamiltonian form HU in a neighborhood U of each point q ∈ Π such that
γ⌋ΩY = dHU .

The converse is the following.
Theorem 6.2. Every Hamiltonian form H (5.2) admits a Hamiltonian connection γH which
obeys the condition
γH⌋ΩY = dH, γ
i
λ = ∂
i
λH, γ
λ
λi = −∂iH. (6.1)

Proof. It is readily observed that the Hamiltonian form H (5.2) is the Poincare´ – Cartan form
(1.12) of an affine first order Lagrangian
LH = h0(H) = (p
λ
i y
i
λ −H)ω (6.2)
on the jet manifold J1Π. The Euler – Lagrange operator (1.7) associated to this Lagrangian
reads
δLH = EH : J
1Π→ T ∗Π ∧ (
n
∧ T ∗X),
EH = [(y
i
λ − ∂
i
λH)dp
λ
i − (p
λ
λi + ∂iH)dy
i] ∧ ω. (6.3)
It is called the Hamilton operator forH . A glance at the expression (6.3) shows that this operator
is an affine morphism over Π of constant rank. It follows that its kernel
yiλ = ∂
i
λH, (6.4)
pλλi = −∂iH (6.5)
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is an affine closed imbedded subbundle of the jet bundle J1Π→ Π. Therefore, it admits a global
section γH which thus is a desired Hamiltonian connection obeying the relation (6.1). •
Remark 6.1. In fact, the Lagrangian (6.2) is the pull-back onto J1Π of a form LH on the
product Π×
Y
J1Y . •
It should be emphasized that, if dimX > 1, there is a set of Hamiltonian connections asso-
ciated to the same Hamiltonian form H . They differ from each other in soldering forms σ on
Π→ X which fulfill the equation σ⌋ΩY = 0.
Example 6.2. Any connection Γ˜ (3.9) for different connections K (3.10) is a Hamiltonian
connection for the Hamiltonian form HΓ (3.13). •
Being a closed imbedded subbundle of the jet bundle J1Π → X , the kernel (6.4) – (6.5) of
the Euler – Lagrange operator EH (6.3) defines the Euler – Lagrange equation on Π. It is a first
order dynamic equation called the covariant Hamilton equation.
Every integral section r (i.e., J1r = γH ◦ r) of a Hamiltonian connection γH associated to
a Hamiltonian form H is obviously a solution of the covariant Hamilton equation (6.4) – (6.5).
Conversely, if r : X → Π is a global solution of the covariant Hamilton equation (6.4) – (6.5),
there exists an extension of the local section
J1r : r(X)→ Ker EH
to a Hamiltonian connection γH which has r as an integral section. Substituting J
1r in (5.10),
we obtain the equality
J1(piΠY ◦ r) = Ĥ ◦ r (6.6)
for every solution r of the covariant Hamilton equation (6.4) – (6.5) which thus is equivalent to
this equation.
Remark 6.3. Similarly to the Cartan equation (2.5), the covariant Hamilton equation (6.4)
– (6.5) is equivalent to the condition
r∗(u⌋dH) = 0 (6.7)
for any vertical vector field u on Π→ X . •
Remark 6.4. The covariant Hamilton equation (6.4) – (6.5) has a standard form
Sλab(x, φ)∂λφ
b = fa(x, φ)
for the Cauchy problem or, to be more precise, for the general Cauchy problem since the coeffi-
cients Sλab depend on the variable functions φ in general [10, 40]. Here φ
b is a compact notation
for variables ri and rλi . However, the characteristic form
det(Sλabcλ), cλ ∈ R,
of this system fails to be different from zero for any cλ. One can overcome this difficulty as
follows. Let us single out a local coordinate x1 and replace the equation (6.4) with the equation
∂1r
i = ∂i1H, d1∂
i
λH = dλ∂
i
1H, λ 6= 1, (6.8)
dµ = ∂µ + ∂µr
i∂i + ∂µr
λ
i ∂
i
λ.
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The systems (6.8) and (6.5) have the standard form for the Cauchy problem with the initial
conditions
ri(x′) = φi(x′), rµi (x
′) = φµi (x
′), ∂λr
i = ∂iλH, λ 6= 1, (6.9)
on a local hypersurface S of X transversal to coordinate lines x1. If ri and riλ are solutions of the
Cauchy problem (of class C2) for the equations (6.8) and (6.5) with the initial conditions (6.9),
they satisfy the equation (6.4). Thus, in order to formulate the Cauchy problem for a covariant
Hamilton equation in PS Hamiltonian formalism, one should single a one of the coordinates out
and consider the system of equations (6.8) and (6.5). •
7 Hamiltonian time-dependent mechanics
As was mentioned above, if X = R = R, we are in a case of time-dependent Hamiltonian
mechanics which admits time reparametrization t→ t′(t) [17].
Let Q → R be its configuration bundle coordinated by (t, qa). The corresponding Legendre
bundle (1.15) is
Π = V ∗Q⊗
Q
T ∗R⊗
Q
TR. (7.1)
It is endowed with holonomic coordinates (t, qa, pa) possessing transition functions
p′a =
∂qb
∂q′a
pb.
This transformation law is the same as that of fibre coordinates on the vertical cotangent bundle
V ∗Q → Q of Q → R. Therefore, we have the canonical isomorphism Π = V ∗Q (1.18) of the
Legendre bundle Π (7.1) of time-reparametrized mechanics to a momentum phase space V ∗Q
of time-dependent mechanics over the time axis R = R provided with the canonical Cartesian
coordinate t with transition functions t′ = t+const. [17, 42, 44]. Accordingly, the homogeneous
Legendre bundle ZQ (1.22) of time-reparametrized mechanics is isomorphic to the homogeneous
momentum phase space T ∗Q of time-dependent mechanics over the time axis R. It is endowed
with the holonomic coordinates (t, qa, p0, pa), possessing transition functions
p′a =
∂qb
∂q′a
pb, p
′
0 =
(
p0 +
∂qb
∂t
pb
)
. (7.2)
Remark 7.1. Note that, relative to the Cartesian coordinate t, the time axis R is provided
with the standard vector field ∂t and the standard one-form dt which also is the volume element
on R. As a consequence, there is the one-to-one correspondence between the vector fields f∂t, the
densities fdt and the real functions f on R. Roughly speaking, one can neglect the contribution
of TR and T ∗R to some expressions. In particular, the canonical imbedding (1.4) of J1Q takes
a form
λ(1) : J
1Q ∋ (t, qa, qat )→ (t, q
a, t˙ = 1, q˙a = qat ) ∈ TQ, (7.3)
λ(1) = dt = ∂t + q
a
t ∂a.
In view of the morphism λ(1) (7.3), any connection
Γ = dt⊗ (∂t + Γ
a∂a) (7.4)
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on a fibre bundle Q→ R can be identified with a nowhere vanishing horizontal vector field
Γ = ∂t + Γ
a∂a (7.5)
on Q which is the horizontal lift Γ∂t of the standard vector field ∂t on R by means of the
connection (7.4). Conversely, any vector field Γ on Q such that dt⌋Γ = 1 defines a connection on
Q→ R. Therefore, the connections (7.4) conventionally are identified with the vector fields (7.5).
The integral curves of the vector field (7.5) coincide with the integral sections for the connection
(7.4). •
A homogeneous momentum phase space T ∗Q admits the canonical Liouville form
ΞT = podt+ padq
a (7.6)
(cf. (2.6)) and the canonical symplectic form
ΩT = dΞ = dp0 ∧ dt+ dpa ∧ dq
a (7.7)
(cf. (5.1)) together with the corresponding Poisson bracket
{f, g}T = ∂
0f∂tg − ∂
0g∂tf + ∂
af∂ag − ∂
ag∂af, f, g ∈ C
∞(T ∗Q). (7.8)
This bracket yields the coinduced Poisson bracket (7.11) on a momentum phase space V ∗Q as
follows.
There is the canonical one-dimensional affine bundle
ζ : T ∗Q→ V ∗Q (7.9)
(cf. (1.25)). A glance at the transformation law (7.2) shows that it is a trivial affine bundle.
Indeed, given a global section h of ζ, one can equip T ∗Q with a global fibre coordinate
I0 = p0 − h, I0 ◦ h = 0,
possessing the identity transition functions. With respect to the coordinates (t, qa, I0, pa) the
fibration (7.9) reads
ζ : R× V ∗Q ∋ (t, qa, I0, pa)→ (t, q
a, pa) ∈ V
∗Q. (7.10)
Let us consider the subring of C∞(T ∗Q) which comprises the pull-back ζ∗f onto T ∗Q of
functions f on the vertical cotangent bundle V ∗Q by the fibration ζ (7.9). This subring is closed
under the Poisson bracket (7.8). Then by virtue of the well-known theorem [17, 50], there exists
the degenerate coinduced Poisson structure
{f, g}V = ∂
af∂ag − ∂
ag∂af, f, g ∈ C
∞(V ∗Q), (7.11)
on a the vertical cotangent bundle V ∗Q such that
ζ∗{f, g}V = {ζ
∗f, ζ∗g}T . (7.12)
The holonomic coordinates (t, qa, pa) on V
∗Q are canonical for the Poisson structure (7.11).
17
With respect to the vertical Poisson bracket (7.11), the Hamiltonian vector fields of functions
on V ∗Q read
ϑf = ∂
if∂i − ∂if∂
i, [ϑf , ϑf ′ ] = ϑ{f,f ′}V , f, f
′ ∈ C∞(V ∗Q). (7.13)
They are vertical vector fields on V ∗Q → R. Accordingly, the characteristic distribution of
the Poisson structure (7.11) is the vertical tangent bundle V V ∗Q ⊂ TV ∗Q of a fibre bundle
V ∗Q→ R. The corresponding symplectic foliation on the momentum phase space V ∗Q coincides
with a fibration V ∗Q→ R.
One can think of the vertical Poisson bracket (7.11) as being the particular PS bracket (4.3).
Indeed, in view of Remark 7.1, the algebra of multivector densities (4.2) comes to the ring
C∞(V ∗Q), whereas the tangent-valued Liouville form (3.1) and the PS form (3.2) are associated
to the pull-back forms
Θ = h∗(ΞT ∧ dt) = pidq
i ∧ dt,
Ω = h∗(ΩT ∧ dt) = dpi ∧ dq
i ∧ dt (7.14)
on V ∗Q, where h is some section of the trivial bundle (7.9). They are independent of the choice
of h. With Ω (7.14), the Hamiltonian vector field ϑf (7.13) for a function f on V
∗Q is given by
the relation
ϑf⌋Ω = −df ∧ dt,
while the vertical Poisson bracket (7.11) is written as
{f, g}V dt = ϑg⌋ϑf⌋Ω
similarly to the PS bracket (4.3).
In contrast with autonomous Hamiltonian mechanics, the Poisson structure (7.11) fails to
provide any dynamic equation on a fibre bundle V ∗Q → R because Hamiltonian vector fields
(7.13) of functions on V ∗Q are vertical vector fields, but not connections on V ∗Q → R. Ha-
miltonian dynamics on V ∗Q is described as a particular PS Hamiltonian dynamics in Section 5
[17, 44].
A Hamiltonian on a momentum phase space V ∗Q→ R of non-relativistic mechanics is defined
as a global section
h : V ∗Q→ T ∗Q, p0 ◦ h = H(t, q
j , pj), (7.15)
of the affine bundle ζ (7.9). Given the Liouville form ΞT (7.6) on T
∗Q, this section yields the
pull-back Hamiltonian form
H = (−h)∗Ξ = pkdq
k −Hdt (7.16)
on V ∗Q. This is the well-known invariant of Poincare´ – Cartan [1].
Given a Hamiltonian form H (7.16), there exists a unique horizontal vector field (7.5):
γH = ∂t − γ
i∂i − γi∂
i,
on V ∗Q (i.e., a connection on V ∗Q→ R) such that
γH⌋dH = 0. (7.17)
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This vector field, called the Hamilton vector field, reads
γH = ∂t + ∂
kH∂k − ∂kH∂
k. (7.18)
In a different way, a Hamilton vector field γH is defined by the relation
γH⌋Ω = dH
(cf. (6.1)). This vector field yields the first order dynamic Hamilton equation
qkt = ∂
kH, ptk = −∂kH (7.19)
on V ∗Q→ R, where (t, qk, pk, qkt , p˙tk) are the adapted coordinates on the first order jet manifold
J1V ∗Q of V ∗Q → R. A solution of the Hamilton equation (7.19) is an integral section for the
connection γH (7.18).
8 Iso-PS structure
The canonical PS structure defined by the tangent-valued Liouville form ΘY (3.1) and the PS
form ΩY (3.2) is by no means the unique PS structure on the Legendre bundle Π (1.15). One
can consider its following deformation [40].
Let
ψ = ψλµ(x)dx
µ ⊗ ∂λ
be a tangent-valued one-form on X corresponding to some isomorphism of the tangent bundle
TX of X . Given the the tangent-valued Liouville form ΘY (3.1) and the PS form ΩY (3.2), let
us consider their deformations
Θψ = ΘY ⌋ψ = ψ
λ
µ(x)p
µ
i dy
i ∧ ω ⊗ ∂λ, (8.1)
Ωψ = ΩY ⌋ψ = ψ
λ
µ(x)dp
µ
i ∧ dy
i ∧ ω ⊗ ∂λ, (8.2)
respectively. In comparison with the canonical forms ΘY and ΩY , the forms Θψ (8.1) and Ωψ
(8.2) provide another PS structure on a Legendre bundle Π. We agree to call call it the iso-PS
structure. In particular, the relation
Ωψ⌋φ = d(Θψ⌋φ) (8.3)
(cf. (3.3)) holds for an arbitrary exterior one-form φ on X .
Building on the forms Θψ and Ωψ, one can develop iso-PS Hamiltonian formalism by analogy
with the canonical PS one in Sections 3 – 5.
Let us say that that the connection γ (3.4) on Π→ X is an iso-Hamiltonian connection if an
exterior form γ⌋Ωψ is closed.
An exterior n-formHψ on Π is called the iso-Hamiltonian form if there exists an iso-Hamiltonian
connection γ such that
γ⌋Ωψ = dHφ.
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The following assertion shows that sets of iso-Hamiltonian connections and iso-Hamiltonian
forms on Π are not empty.
Theorem 8.1. Let Γ be the connection (3.8) on Y → X and Γ˜ (3.9) its lift onto Π → X .
We have an iso-Hamiltonian form
HΓψ = ψ
λ
µ(p
µ
i dy
i ∧ ωλ − Γ
i
λp
λ
i ω)
and the associated iso-Hamiltonian connection
γ = Γ˜ +
1
n
(ψ−1)µλ(−∂αψ
α
ν −K
α
βαψ
β
ν +K
α
νβψ
β
α)p
ν
i dx
λ ⊗ ∂iµ.

Item (ii) of Theorem 5.1 also is extended to iso-Hamiltonian forms. Then as an immediate
consequence of Theorem 8.1, we obtain the following corollary.
Corollary 8.2. Any iso-Hamiltonian form is given by the expression
Hψ = HΓψ + H˜Γω = ψ
λ
µp
µ
i dy
i ∧ ωλ −Hψω (8.4)
where Γ is a connection on Y → X . 
By analogy with PS Hamiltonian formalism, one can introduce the Hamilton operator and
obtain the covariant Hamilton equation associated to the iso-Hamiltonian form (8.4). For sections
r of a Legendre bundle Π→ X , this equation reads
ψλµ∂λr
i = ∂iµHψ, ∂λ(ψ
λ
µr
µ
i ) = −∂iHψ.
9 Associated Hamiltonian and Lagrangian systems
Let us study the relations between first order Lagrangian and covariant Hamiltonian formalisms
[10, 11, 17].
We are based on the fact that any Lagrangian L on a configurations space J1Y defines the
Legendre map L̂ (1.14) and its jet prolongation
J1L̂ : J !J1Y −→
Y
J1Π, (pλi , y
i
µ, p
λ
µi) ◦ J
1L̂ = (piλi , ŷ
i
µ, d̂µpi
λ
i ),
d̂λ = ∂λ + ŷ
j
λ∂j + y
j
λµ∂
µ
j ,
and that any Hamiltonian form H on a momentum phase space Π yields the Hamiltonian map
Ĥ (5.9) and its jet prolongation
J1Ĥ : J1Π −→
Y
J1J1Y, (yiµ, ŷ
i
λ, y
i
λµ) ◦ J
1Ĥ = (∂iµH, y
i
λ, dλ∂
i
µH),
dλ = ∂λ + y
j
λ∂j + p
ν
λj∂
j
ν .
Let us start with the case of a hyperregular Lagrangian L, i.e., when the corresponding
Legendre map L̂ is a diffeomorphism. Then L̂−1 is a Hamiltonian map. Let us consider the
Hamiltonian form
H = H
L̂−1
+ L̂−1∗L, H = pµi L̂
−1i
µ − L(x
µ, yj , L̂−1jµ), (9.1)
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where H
L̂−1
is the Hamiltonian form (5.8) associated to the Hamiltonian map L̂−1. Let s be a
solution of the Euler – Lagrange equation (1.8) for a Lagrangian L. A direct computation shows
that L̂ ◦ J1s is a solution of the covariant Hamilton equation (6.4) – (6.5) for the Hamiltonian
form H (9.1). Conversely, if r is a solution of the covariant Hamilton equation (6.4) – (6.5) for
the Hamiltonian form H (9.1), then s = piΠY ◦ r is a solution of the Euler – Lagrange equation
(1.8) for L (see the equality (6.6)). Thus, one can state the following.
Theorem 9.1. In a case of hyperregular Lagrangians, Lagrangian and PS Hamiltonian
formalisms are equivalent. 
Let now L be an arbitrary Lagrangian on a configuration space J1Y .
Definition 9.2. A Hamiltonian form H is said to be associated to a Lagrangian L if H
satisfies the relations
L̂ ◦ Ĥ ◦ L̂ = L̂, (9.2)
H = H
Ĥ
+ Ĥ∗L. (9.3)

A glance at the relation (9.2) shows that L̂ ◦ Ĥ is a projector
pµi (p) = ∂
µ
i L(x
µ, yi, ∂jλH(p)), p ∈ NL, (9.4)
from Π onto the Lagrangian constraint space NL = L̂(J
1Y ) (1.19). Accordingly, Ĥ ◦ L̂ is a
projector from J1Y onto Ĥ(NL).
Definition 9.3. A Hamiltonian form is called weakly associated to a Lagrangian L if the
condition (9.3) holds on a Lagrangian constraint space NL. 
Theorem 9.4. If a Hamiltonian map Φ (5.5) obeys a relation
L̂ ◦ Φ ◦ L̂ = L̂, (9.5)
then a Hamiltonian form
H = HΦ +Φ
∗L (9.6)
is weakly associated to a Lagrangian L. If Φ = Ĥ , then H is associated to L. 
Theorem 9.5. Any Hamiltonian form H weakly associated to a Lagrangian L fulfills a
relation
H |NL = Ĥ
∗HL|NL , (9.7)
where HL is the Poincare´ – Cartan form (1.12). 
Proof. The relation (9.3) takes a coordinate form
H(p) = pµi ∂
i
µH−L(x
µ, yi, ∂jλH(p)), p ∈ NL. (9.8)
Substituting (9.4) and (9.8) in (5.2), we obtain the relation (9.7). •
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The difference between associated and weakly associated Hamiltonian forms lies in the fol-
lowing. Let H be an associated Hamiltonian form, i.e., the equality (9.8) holds everywhere on
Π. Acting on this equality by the exterior differential, we obtain the relations
∂µH(p) = −(∂µL) ◦ Ĥ(p), p ∈ NL,
∂iH(p) = −(∂iL) ◦ Ĥ(p), p ∈ NL, (9.9)
(pµi − (∂
µ
i L)(x
µ, yi, ∂jλH))∂
i
µ∂
a
αH = 0. (9.10)
The relation (9.10) shows that the associated Hamiltonian form (i.e., the Hamiltonian map Ĥ)
is not regular outside a Lagrangian constraint space NL.
Example 9.1. Any Hamiltonian form is weakly associated to a zero Lagrangian L = 0,
while the associated one is only HΓ (3.13). •
Example 9.2. A hyperregular Lagrangian has a unique associated and weakly associated
Hamiltonian form (9.1). In a case of a regular Lagrangian L, the Lagrangian constraint space
NL is an open subbundle of a vector Legendre bundle Π → Y . If NL 6= Π, a weakly associated
Hamiltonian form fails to be defined everywhere on Π in general. At the same time, NL itself
can be provided with the pull-back PS structure with respect to the imbedding NL → Π, so that
one may consider Hamiltonian forms on NL. •
One can say something more in a case of semiregular Lagrangians (Definition 1.1).
Lemma 9.6. The Poincare´ – Cartan form HL for a semiregular Lagrangian L is constant on
the connected inverse image L̂−1(p) of any point p ∈ NL. 
Proof. Let u be a vertical vector field on an affine jet bundle J1Y → Y which takes its
values into the kernel of the tangent map T L̂ to L̂. Then the Lie derivative LuHL of HL along
u vanishes. •
A corollary of Lemma 9.6 is the following.
Theorem 9.7. All Hamiltonian forms weakly associated to a semiregular Lagrangian L
coincide with each other on a Lagrangian constraint space NL, and the Poincare´ – Cartan form
HL (1.12) for L is the pull-back
HL = L̂
∗H, (piλi y
i
λ − L)ω = H(x
µ, yj , piµj )ω, (9.11)
of any such a Hamiltonian form H . 
Proof. Given a vector v ∈ TpΠ, the value T Ĥ(v)⌋HL(Ĥ(p)) is the same for all Hamiltonian
maps Ĥ satisfying the relation (9.2). Then the result follows from the relation (9.7). •
Theorem 9.7 enables us to relate the Euler – Lagrange equation for a semiregular LagrangianL
with the covariant Hamilton equations for Hamiltonian forms weakly associated to L [10, 37, 40].
Theorem 9.8. Let a section r of Π → X be a solution of the covariant Hamilton equation
(6.4) – (6.5) for a Hamiltonian form H weakly associated to a semiregular Lagrangian L. If r
lives in a Lagrangian constraint space NL, a section s = piΠY ◦ r of Y → X satisfies the Euler –
Lagrange equation (1.8), while its first order jet prolongation
s = Ĥ ◦ r = J1s
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obeys the Cartan equation (2.3) – (2.4). 
Proof. Put s = Ĥ ◦ r. Since r(X) ⊂ NL, then
r = L̂ ◦ s, J1r = J1L̂ ◦ J1s.
If r is a solution of the covariant Hamilton equation, the exterior form EH vanishes at points of
J1r(X). Hence, the pull-back form EL = (J
1L̂)∗EH vanishes at points J1s(X). It follows that
the section s of a jet bundle J1Y → X obeys the Cartan equation (2.3) – (2.4). By virtue of the
relation (6.6), we have s = J1s. Hence, s is a solution of the Euler – Lagrange equation. •
The converse assertion is more intricate ([10], Proposition 4.5.11).
Theorem 9.9. Given a semiregular Lagrangian L, let a section s of the jet bundle J1Y → X
be a solution of the Cartan equation (2.3) – (2.4). LetH be a Hamiltonian form weakly associated
to L so that the associated Hamiltonian map satisfies a condition
Ĥ ◦ L̂ ◦ s = J1(pi10 ◦ s). (9.12)
Then, a section
r = L̂ ◦ s, rλi = pi
λ
i (x
λ, sj , sjλ), r
i = si,
of a Legendre bundle Π→ X is a solution of the Hamilton equation (6.4) – (6.5) for H . 
Being restricted to solutions of Euler – Lagrange equations, Theorem 9.9 comes to the fol-
lowing.
Theorem 9.10. Given a semiregular Lagrangian L, let a section s of a fibre bundle Y → X
be a solution of the Euler – Lagrange equation (1.8) (i.e., J1s is a solution of the Cartan equation
(2.3) – (2.4), and s = pi10 ◦ J
1s). Let H be a Hamiltonian form weakly associated to L, and let
H satisfy a relation
Ĥ ◦ L̂ ◦ J1s = J1s. (9.13)
Then a section r = L̂ ◦ J1s of a fibre bundle Π → X is a solution of the covariant Hamilton
equation (6.4) – (6.5) for H . 
Example 9.3. Let L = 0. This Lagrangian is semiregular. Its Euler – Lagrange equation
comes to the identity 0 = 0. Every section s of a fibre bundle Y → X is a solution of this
equation. Given a section s, let Γ be a connection on Y such that s is its integral section. The
Hamiltonian form HΓ (3.13) is associated to L = 0, and the Hamiltonian map ĤΓ satisfies the
relation (9.13). The corresponding Hamilton equation has a solution
r = L̂ ◦ J1s, ri = si, rλi = 0.
•
In view of Theorem 9.10, one may try to consider a set of Hamiltonian forms associated to a
semiregular Lagrangian L in order to exhaust all solutions of the Euler – Lagrange equation for
L.
Definition 9.11. Let us say that a set of Hamiltonian forms H weakly associated to a
semiregular Lagrangian L is complete if, for each solution s of the Euler – Lagrange equation for
23
L, there exists a solution r of the covariant Hamilton equation for a Hamiltonian form H from
this set such that s = piΠY ◦ r. 
A complete family of Hamiltonian forms associated to a given Lagrangian need not exist, or it
fails to be defined uniquely. For instance, Example 9.3 shows that the Hamiltonian forms (3.13)
constitute a complete family associated to the zero Lagrangian, but this family is not minimal.
By virtue of Theorem 9.10, a set of weakly associated Hamiltonian forms is complete if, for
every solution s of the Euler – Lagrange equation for L, there is a Hamiltonian form H from this
set which fulfills the relation (9.13).
In a case of almost regular Lagrangians (Definition 1.1), one can formulate the following
necessary and sufficient conditions of the existence of weakly associated Hamiltonian forms. An
immediate consequence of Theorem 9.4 is the following.
Theorem 9.12. A Hamiltonian form H weakly associated to an almost regular Lagrangian
L exists iff the fibred manifold J1Y → NL (1.21) admits a global section. 
Proof. A global section of J1Y → NL can be extended to a Hamiltonian map Φ : Π → J1Y
which obeys the relation (9.5). •
In particular, on an open neighborhood U ⊂ Π of each point p ∈ NL ⊂ Π, there exists a
complete set of local Hamiltonian forms weakly associated to an almost regular Lagrangian L.
Moreover, one can always construct a complete set of local Hamiltonian forms associated to L
([10], Proposition 4.5.14). At the same time, a complete set of associated Hamiltonian forms
may exists when a Lagrangian is not necessarily semiregular ([10], Example 4.5.12).
Given a global section Ψ of a fibred manifold
L̂ : J1Y → NL, (9.14)
let us consider the pull-back form
HN = Ψ
∗HL = i
∗
NH (9.15)
on NL called the constrained Hamiltonian form. By virtue of Lemma 9.6, it does not depend on
the choice of a section of the fibred manifold (9.14) and, consequently, HL = L̂
∗HN . For sections
r of a fibre bundle NL → X , one can write the constrained Hamilton equation
r∗(uN⌋dHN ) = 0, (9.16)
where uN is an arbitrary vertical vector field on NL → X . This equation possesses the following
important properties.
Theorem 9.13. For any Hamiltonian form H weakly associated to an almost regular
Lagrangian L, every solution r of the covariant Hamilton equation which lives in a Lagrangian
constraint space NL is a solution of the constrained Hamilton equation (9.16). 
Proof. Such a Hamiltonian form H defines a global section Ψ = Ĥ ◦ iN of the fibred manifold
(9.14). Since HN = i
∗
NH due to the relation (9.11), the constrained Hamilton equation can be
written as
r∗(uN⌋di
∗
NH) = r
∗(uN⌋dH |NL) = 0. (9.17)
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Note that this equation differs from the Hamilton equation (6.7) restricted to NL. This reads
r∗(u⌋dH |NL) = 0, (9.18)
where r is a section of NL → X and u is an arbitrary vertical vector field on Π→ X . A solution
r of the equation (9.18) obviously satisfies the weaker condition (9.17). •
Theorem 9.14. The constrained Hamilton equation (9.16) is equivalent to the Hamilton –
De Donder equation (2.8). 
Proof. It is readily observed that
L̂ = piZΠ ◦ ĤL.
Hence, the projection piZΠ (1.25) yields a surjection of ZL onto NL. Given a section Ψ of the
fibred manifold (9.14), we have a morphism
ĤL ◦Ψ : NL → ZL.
By virtue of Lemma (9.6), this is a surjection such that
piZΠ ◦ ĤL ◦Ψ = IdNL.
Hence, ĤL ◦ Ψ is a bundle isomorphism over Y which is independent of the choice of a global
section Ψ. Combining (2.7) and (9.15) results in
HN = (ĤL ◦Ψ)
∗ΞL
that leads to a desired equivalence. •
This proof gives something more. Namely, since ZL and NL are isomorphic, the homogeneous
Legendre map ĤL (1.22) fulfils the conditions of Theorem 2.1. Then combining Theorem 2.1 and
Theorem 9.14, we obtain the following.
Theorem 9.15. Let L be an almost regular Lagrangian such that the fibred manifold (9.14)
has a global section. A section s of the jet bundle J1Y → X is a solution of the Cartan equation
(2.5) iff L̂ ◦ s is a solution of the constrained Hamilton equation (9.16). 
Theorem 9.15 also is a corollary of Lemma 9.16 below. The constrained Hamiltonian form
HN (9.15) defines the constrained Lagrangian
LN = h0(HN ) = (J
1iN )
∗LH (9.19)
on the first order jet manifold J1NL of a fibre bundle NL → X .
Lemma 9.16. There are the relations
L = (J1L̂)∗LN , LN = (J
1Ψ)∗L, (9.20)
where L is the first order Lagrangian (2.1). 
The Euler – Lagrange equation for the constrained Lagrangian LN (9.19) is equivalent to the
constrained Hamilton equation (9.16) and, by virtue of Lemma 9.16, is quasi-equivalent to the
Cartan equation. At the same time, the Cartan equation of a non-regular Lagrangian system may
contain an additional freedom in comparison with the constrained Hamilton equation (Section
12).
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10 Lagrangian and Hamiltonian conservation laws
In order to study symmetries of PS Hamiltonian theory, let us use the fact that the Hamiltonian
form H (5.2) is a Poincare´ – Cartan form for the Lagrangian LH (6.2) and that the covariant
Hamilton equation for H is the Euler – Lagrange equation for LH .
We restrict our consideration to classical symmetries defined by projectable vector fields
u = uλ∂λ + u
i∂i (10.1)
on a fibre bundle Y → X .
Let us start with Lagrangian conservation laws in first order Lagrangian formalism on a fibre
bundle Y → X [13, 15, 45].
The vector field u (10.1) admits the canonical decomposition into the horizontal and vertical
parts
u = uH + uV = (u
λ∂λ + y
i
λ∂
λ
i ) + (u
i∂i − y
i
λ∂
λ
i ) (10.2)
over J1Y and the first order jet prolongation
J1u = uλ∂λ + u
i∂i + (dλu
i − yiµdλu
µ)∂λi (10.3)
onto J1Y .
Given the first order Lagrangian L (1.6), the global variational decomposition (1.9) leads to
the corresponding splitting of the Lie derivative LJ1uL of L along J
1u (10.3):
LJ1uL = uV ⌋EL + dH(h0(u⌋HL)), (10.4)
∂λu
λL+ [uλ∂λ + u
i∂i + (dλu
i − yiµ∂λu
µ)∂λi ]L =
(ui − yiλu
λ)Ei − dλ[pi
λ
i (u
µyiµ − u
i)− uλL],
where ΞL = HL is the Poincare´ – Cartan form (1.12). If u is an exact symmetry of L, i.e.
LJ1uL = 0 we obtain a weak conservation law
0 ≈ −dλ[pi
λ
i (u
µyiµ − u
i)− uλL] (10.5)
of a symmetry current
Ju = [pi
λ
i (u
µyiµ − u
i)− uλL]ωλ (10.6)
along a vector field u on the shell EL = 0 (1.8).
The weak conservation law (10.5) leads to a differential conservation law
∂λ(J
λ
u ◦ s) = 0
on solutions s of the Euler – Lagrange equation (1.8).
It is readily observed that the symmetry current Ju (10.6) is linear in a vector field u.
Therefore, one can consider a superposition of symmetry currents
Ju + Ju′ = Ju+u′ , Jcu = cJu, c ∈ R,
and a superposition of weak conservation laws (10.5) associated to different symmetries u.
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For instance, let u = ui∂i be a vertical vector field on Y → X . If it is a symmetry of L, the
weak conservation law (10.5) takes a form
0 ≈ −dλ(pi
λ
i u
i). (10.7)
It is called the Noether conservation law of the Noether current
Ju = −pi
λ
i u
iωλ (10.8)
along a Noether symmetry u.
Given the connection Γ (3.8) on a fibre bundle Y → X , a vector field τ on X gives rise to the
projectable vector field
Γτ = τλ(∂λ + Γ
i
λ∂i) (10.9)
on Y . The corresponding symmetry current (10.6) along Γτ reads
JΓ = τ
µJΓ
λ
µ = τ
µ(piλi (y
i
µ − Γ
i
µ)− δ
λ
µL)ωλ. (10.10)
Its coefficients JΓλµ are components of the tensor field
JΓ = JΓ
λ
µdx
µ ⊗ ωλ, JΓ
λ
µ = pi
λ
i (y
i
µ − Γ
i
µ)− δ
λ
µL, (10.11)
called the energy-momentum tensor relative to a connection Γ [15, 41, 45]. If Γτ (10.9) is a
symmetry of a Lagrangian L, we have the energy-momentum conservation law
0 ≈ −dλ[pi
λ
i τ
µ(yiµ − Γ
i
µ)− δ
λ
µτ
µL]. (10.12)
Turn now to PS Hamiltonian formalism on a Legendre bundle Π. Given the projectable vector
field u (10.1) on Y → X , it gives rise to a vector field
u˜ = uµ∂µ + u
i∂i + (−∂iu
jpλj − ∂µu
µpλi + ∂µu
λpµi )∂
i
λ (10.13)
on a Legendre bundle Π→ Y and to a vector field
Ju˜ = u˜+ J1u (10.14)
on Π×
Y
J1Y . Then we have
Lu˜H = LJu˜LH = (−u
i∂iH− ∂µ(u
µH)− uλi ∂
i
λH + p
λ
i ∂λu
i)ω. (10.15)
It follows that a Hamiltonian form H and a Lagrangian LH have the same classical symmetries.
Let us apply the first variational formula (10.4) to the Lie derivative LJu˜LH (6.2). It reads
−ui∂iH− ∂µ(u
µH)− uλi ∂
i
λH + p
λ
i ∂λu
i = −(ui − yiµu
µ)(pλλi + ∂iH) +
(−∂iu
jpλj − ∂µu
µpλi + ∂µu
λpµi − p
λ
µiu
µ)(yiλ − ∂
i
λH)−
dλ[p
λ
i (∂
i
µHu
µ − ui)− uλ(pµi ∂
i
µH−H)].
On the shell (6.4) – (6.5), this identity takes a form
− ui∂iH− ∂µ(u
µH)− uλi ∂
i
λH + p
λ
i ∂λu
i ≈ −dλ[p
λ
i (∂
i
µHu
µ − ui)− uλ(pµi ∂
i
µH−H)]. (10.16)
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If LJ1u˜LH = 0, we obtain a weak Hamiltonian conservation law
0 ≈ −dλ[p
λ
i (u
µ∂iµH− u
i)− uλ(pµi ∂
i
µH−H)] (10.17)
of a Hamiltonian symmetry current
J˜u = [p
λ
i (u
µ∂iµH− u
i)− uλ(pµi ∂
i
µH−H]ωλ. (10.18)
In particular, let u = ui∂i be a vertical vector field on Y → X . Then the Lie derivative Lu˜H
(10.15) takes a form
Lu˜H = (−u
i∂iH+ ∂iu
jpλj ∂
i
λH+ p
λ
i ∂λu
i)ω.
The corresponding Noether Hamiltonian current (10.18) reads
J˜u = −u
ipλi ωλ (10.19)
(cf. Ju (10.8)). This is independent of a Hamiltonian form H , and is defined only by a vertical
vector field u. It follows that Noether Hamiltonian currents J˜u (10.19) in PS Hamiltonian theory
constitute a real vector space J (Π) isomorphic to that of vertical vector fields u on a fibre bundle
Y .
Moreover, due to the isomorphism (1.18), Noether Hamiltonian currents (10.19) are repre-
sented by TX-valued densities (4.2):
J˜u = −u
ipλi ∂λ ⊗ ω. (10.20)
If Y → X is a vector bundle, the PS bracket {, }PS (4.3) provides Noether Hamiltonian currents
(10.20) with the Lie bracket
[J˜u, J˜u′ ] = {J˜u, J˜u′}PS = J˜[u,u′] (10.21)
which brings their space J (Π) into a real Lie algebra, isomorphic to the Lie algebra of vertical
vector fields on Y . Similarly, the Poisson bracket {, }V (7.11) defines a Lie bracket of Noether
currents in mechanics [17].
Let now τ = τλ∂λ be a vector field on X and Γτ (10.9) its horizontal lift onto Y by means of
a connection Γ on Y → X . Given the splitting (5.4) of a Hamiltonian form H , the Lie derivative
(10.15) reads
Lu˜H = p
λ
j ([∂λ + Γ
i
λ∂i, u]
j − [∂λ + Γ
i
λ∂i, u]
νΓjν)ω − (∂µu
µH˜Γ + u⌋dH˜Γ)ω,
where [., .] is the Lie bracket of vector fields. Then the weak identity (10.16) takes a form
−(∂µ + Γ
j
µ∂j − p
λ
i ∂jΓ
i
µ∂
j
λ)H˜Γ + p
λ
i R
i
λµ ≈ −dλJ˜Γ
λ
µ,
where
R =
1
2
Riλµdx
λ ∧ dxµ ⊗ ∂i, R
i
λµ = ∂λΓ
i
µ − ∂µΓ
i
λ + Γ
j
λ∂jΓ
i
µ − Γ
j
µ∂jΓ
i
λ,
is the curvature of a connection Γ. The corresponding symmetry current (10.18) reads
J˜ λΓ = τ
µJ˜Γ
λ
µ = τ
µ(pλi ∂
i
µH˜Γ − δ
λ
µ(p
ν
i ∂
i
νH˜Γ − H˜Γ)). (10.22)
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The relations (10.23) below show that, on a Lagrangian constraint space NL, the current (10.22)
can be treated as a Hamiltonian energy-momentum current relative to a connection Γ.
On solutions r of the covariant Hamilton equation (6.4) – (6.5), the weak equality (10.17)
leads to a differential conservation law
∂λ(J˜
λ
u (r) = 0.
There is the following relation between differential conservation laws in Lagrangian and PS
Hamiltonian formalisms.
Theorem 10.1. Let a Hamiltonian form H be associated to an almost regular Lagrangian
L. Let r be a solution of the covariant Hamilton equation (6.4) – (6.5) for H which lives in a
Lagrangian constraint space NL. Let s = piΠY ◦ r be the corresponding solution of the Euler –
Lagrange equation for L so that the relation (9.13) holds. Then, for any projectable vector field
u on a fibre bundle Y → X , we have
J˜u(r) = Ju(piΠY ◦ r), J˜u(L̂ ◦ J
1s) = Ju(s), (10.23)
where Ju is the symmetry current (10.6) on J1Y and J˜u is the symmetry current (10.18) on Π.

Proof. The proof follows from the relations (9.4), (9.8) and (9.11). •
By virtue of Theorems 9.8 – 9.10, it follows that:
• if Ju in Theorem 10.1 is a conserved symmetry current, then the symmetry current J˜u
(10.23) is conserved on solutions of the Hamilton equation which live in a Lagrangian constraint
space,
• if J˜u in Theorem 10.1 is a conserved symmetry current, then the symmetry current Ju
(10.23) is conserved on solutions s of the Euler – Lagrange equation which obey the condition
(9.13).
However, Theorem 10.1 fails to provide straightforward relations between symmetries of La-
grangians and associated Hamiltonian forms. In Section 12, we can obtain such relations between
symmetries of constrained Lagrangians LN (9.19) and original quadratic Lagrangians L(12.1)
(Theorem 12.6).
11 Lagrangian and Hamiltonian Jacobi fields
The vertical extension of Lagrangian theory on a fibre bundle Y → X onto the vertical tangent
bundle V Y of Y → X describes the linear deviations of solutions of the Euler – Lagrange equation
which are Jacobi fields [15, 46]. Accordingly, the vertical extension of PS Hamiltonian formalism
on the Legendre bundle Π (1.15) onto the vertical Legendre bundle ΠV Y (11.6) describes Jacobi
fields of solutions of the covariant Hamilton equations [15, 30].
Let V Y be the vertical tangent bundle of Y → X endowed with holonomic coordinates
(xλ, yi, y˙i). The configuration space of first order Lagrangian theory on V Y → X is the jet
manifold J1V Y . There is the canonical isomorphism
J1V Y =
J1Y
V J1Y, y˙iλ = (y˙
i)λ,
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where, in comparison with VY J
1Y in the expression (1.13), V J1Y is the vertical tangent bundle
of J1Y → X which is provided with holonomic coordinates (xλ, yi, yiλ, y˙
i, y˙iλ). Due to this
isomorphism, first order Lagrangian formalism on V Y can be developed as the vertical extension
of Lagrangian theory on Y .
Lemma 11.1. Similar to the canonical isomorphism between fibre bundles TT ∗Z and T ∗TZ
[25], the isomorphism
V V ∗Y =
V Y
V ∗V Y, pi ←→ v˙i, p˙i ←→ y˙i, (11.1)
can be established by inspection of the transformation laws of holonomic coordinates (xλ, yi, pi =
yi) on V
∗Y and (xλ, yi, vi = y˙i) on V Y . 
It follows that any exterior form φ on a fibre bundle Y gives rise to an exterior form
φV = ∂V (φ) = y˙
i∂i(φ) (11.2)
on V Y so that dφV = (dφ)V . For instance,
∂V f = y˙
i∂if, ∂V (dy
i) = dy˙i, f ∈ C∞(Y ).
The form φV (11.2) is called the vertical extension of φ on Y .
Let L be the Lagrangian (1.6) on J1Y . Its vertical extension LV (11.2) onto V J
1Y (but not
V L (1.13) onto VY J
1Y ) reads
LV = ∂V L = (y˙
i∂i + y˙
i
λ∂
λ
i )Lω. (11.3)
The corresponding Euler – Lagrange equation (1.8) takes a form
δ˙iLV = δiL = 0, (11.4)
δiLV = ∂V δiL = 0, (11.5)
∂V = y˙
i∂i + y˙
i
λ∂
λ
i + y˙
i
µλ∂
µλ
i .
The equation (11.4) is exactly the Euler – Lagrange equation (1.8) for an original Lagrangian L.
In order to clarify the meaning of the equation (11.5), let us suppose that Y → X is a vector
bundle. Given a solution s of the Euler – Lagrange equation (11.4), let δs be a Jacobi field, i.e.,
s+ εδs also is a solution of the Euler – Lagrange equation (11.4) modulo the terms of order > 1
in a small parameter ε. Then it is readily observed that a Jacobi field δs satisfies the Euler –
Lagrange equation (11.5), which therefore is called the variation equation of the equation (11.4)
[6, 30, 46].
The Lagrangian LV (11.3) yields a Legendre map
L̂V : V J
1Y −→
V Y
ΠV Y = V
∗V Y ∧
V Y
(
n−1
∧ T ∗X), (11.6)
where ΠV Y is called the vertical Legendre bundle.
Lemma 11.2. Due to the isomorphism (11.1) there exists a bundle isomorphism
ΠV Y =
V Y
VΠ, pλi ←→ p˙
λ
i , q
λ
i ←→ p
λ
i , (11.7)
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written with respect to the holonomic coordinates (xλ, yi, y˙i, pλi , q
λ
i ) on ΠV Y and (x
λ, yi, pλi , y˙
i, p˙λi )
on VΠ. 
In view of the isomorphism (11.7), the Legendre map (11.6) takes a form
L̂V = V L̂ : V J
1Y −→
V Y
ΠV Y = VΠ, (11.8)
pλi = ∂˙
λ
i LV = pi
λ
i , p˙
λ
i = ∂
i
λL = ∂V pi
λ
i .
It is called the vertical Legendre map.
Let ZV Y be the homogeneous Legendre bundle (1.22) over V Y endowed with the correspond-
ing coordinates (xλ, yi, y˙i, pλi , q
λ
i , p). There is a fibre bundle
ζ : V ZY → ZV Y , (x
λ, yi, y˙i, pλi , q
λ
i , p) ◦ ζ = (x
λ, yi, y˙i, p˙λi , p
λ
i , p˙). (11.9)
Then the vertical tangent morphism V piZΠ to piZΠ (1.25) factorizes through the composition of
fibre bundles
V piZΠ : V ZY → ZV Y → ΠV Y = VΠ. (11.10)
Owing to this fact, one can develop PS Hamiltonian formalism on a momentum phase space
ΠV Y as the vertical extension of PS Hamiltonian theory on Π. The corresponding canonical
conjugate pairs are (yi, p˙λi ) and (y˙
i, pλi ). In particular, due to the isomorphism (11.7), VΠ is
endowed with the canonical PS form (3.2) which reads
ΩV Y = [dp˙
λ
i ∧ dy
i + dpλi ∧ dy˙
i] ∧ ω ⊗ ∂λ.
Let ZV Y be the homogeneous Legendre bundle (1.22) over V Y with the corresponding co-
ordinates (xλ, yi, y˙i, pλi , q
λ
i , p). It can be endowed with the multisymplectic Liouville form ΞV Y
(2.6). Sections of the affine bundle
ZV Y → VΠ, (11.11)
by definition, provide Hamiltonian forms on VΠ.
Let us consider the following particular case of these forms which are related to those on a
Legendre bundle Π. Due to the fibre bundle (11.9):
ζ : V ZY → ZV Y ,
the vertical tangent bundle V ZY of ZY → X is provided with an exterior form
ΞV = ζ
∗ΞV Y = p˙ω + (p˙
λ
i dy
i + pλi dy˙
i) ∧ ωλ,
which is exactly the vertical extension (11.2) of the canonical multisymplectic Liouville form Ξ on
ZY . Given the affine bundle ZY → Π (1.25), we have the fibre bundle V ZY → VΠ (11.10) where
V piZΠ is the vertical tangent map to piZΠ. Let h be a section of an affine bundle ZY → Π and
H = h∗Ξ the corresponding Hamiltonian form (5.2) on Π. Then a section V h of the fibre bundle
(11.10) and the corresponding section ζ ◦V h of the affine bundle (11.11) defines the Hamiltonian
form
HV = (V h)
∗ΞV = (p˙
λ
i dy
i + pλi dy˙
i) ∧ ωλ −HV ω, (11.12)
HV = ∂VH, ∂V = y˙
i∂i + p˙
λ
i ∂
i
λ,
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on VΠ. It is called the vertical extension of H (or, simply, the vertical Hamiltonian form). In
particular, given the splitting (5.4) of H with respect to a connection Γ on Y → X , we have the
corresponding splitting
HV = p˙
λ
i Γ
i
λ + y˙
jpλi ∂jΓ
i
λ + ∂V H˜Γ
of HV with respect to the canonical vertical prolongation
V Γ : V Y → J1V Y, V Γ = dxλ ⊗ (∂λ + Γ
i
λ∂i + ∂jΓ
i
λy˙
j ∂˙i), (11.13)
of Γ onto V Y → X .
Theorem 11.3. Let γ (3.4) be a Hamiltonian connection on Π associated to a Hamiltonian
form H . Then its vertical prolongation V γ (11.13) on VΠ → X is a Hamiltonian connection
associated to the vertical Hamiltonian form HV (11.12). 
Proof. The proof follows from a direct computation. We have
V γ = γ + dxµ ⊗ [∂V γ
i
µ∂˙i + ∂V γ
λ
µi∂˙
i
λ].
Components of this connection obey the equation
γ˙iµ = ∂
i
µHV = ∂V ∂
i
µH, γ˙
λ
λi = −∂iHV = −∂V ∂iH (11.14)
and the equation (6.1). •
In order to clarify the meaning of the equation (11.14), let us suppose that Y → X is a vector
bundle. Given a solution r of the Hamilton equation (6.4) – (6.5) for H , let r be a Jacobi field,
i.e., r+εr also is a solution of the same Hamilton equation modulo terms of order > 1 in ε. Then
it is readily observed that a Jacobi field r satisfies the equation (11.14). At the same time, the
Lagrangian LHV (6.2) on J
1VΠ, defined by the Hamiltonian form HV (11.12), takes a form
LHV = h0(HV ) = p˙
λ
i (y
i
λ − ∂
i
λH)− y˙
i(pλλi + ∂iH) + dλ(p
λ
i y˙
i), (11.15)
where p˙λi , y˙
i play a role of the Lagrange multipliers.
In conclusion, let us study the relationship between the vertical extensions of Lagrangian
and PS Hamiltonian formalisms. The Hamiltonian form HV (11.12) on VΠ yields the vertical
Hamiltonian map
ĤV = V Ĥ : VΠ →
V Y
V J1Y,
yiλ = ∂˙
i
λHV = ∂
i
λH, y˙
i
λ = ∂V ∂
i
λH.
Theorem 11.4. Let a Hamiltonian form H on Π be associated to a Lagrangian L on
J1Y . Then the vertical Hamiltonian form HV (11.12) is weakly associated to the Lagrangian LV
(11.3). 
Proof. If the morphisms Ĥ and L̂ obey the relation (9.2), then the corresponding vertical
tangent morphisms satisfy the relation
V L̂ ◦ V Ĥ ◦ V iN = V iN .
The condition (9.3) for HV reduces to the equality (9.9) which is fulfilled if H is associated to L.
•
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12 Quadratic Lagrangian and Hamiltonian systems
Field theories with almost regular quadratic Lagrangians admit comprehensive PS Hamiltonian
formulation [10, 11, 15].
Given a fibre bundle Y → X , let us consider the quadratic Lagrangian L (1.6):
L =
1
2
aλµij (x
ν , yk)yiλy
j
µ + b
λ
i (x
ν , yk)yiλ + c(x
ν , yk), (12.1)
where a, b and c are local functions on Y . This property is coordinate-independent due to the
affine transformation law (1.1) of coordinates yiλ. The associated Legendre map L̂ (1.14) is given
by the coordinate expression
pλi ◦ L̂ = a
λµ
ij y
j
µ + b
λ
i , (12.2)
and is an affine morphism over Y . It yields the corresponding linear morphism
â : T ∗X ⊗
Y
V Y →
Y
NL ⊂ Π, p
λ
i ◦ â = a
λµ
ij y
j
µ, (12.3)
where yjµ are fibred coordinates on the vector bundle (1.3).
Let the Lagrangian L (12.1) be almost regular, i.e., the morphism â (12.3) is of constant
rank. Then the Lagrangian constraint space NL (12.2) is an affine subbundle of the Legendre
bundle Π→ Y , modelled over the vector subbundle NL (12.3) of Π→ Y . Hence, NL → Y has a
global section s. For the sake of simplicity, let us assume that s = 0̂ is the canonical zero section
of Π → Y . Then NL = NL. Accordingly, the kernel of the Legendre map (12.2) is an affine
subbundle of the affine jet bundle J1Y → Y , modelled over the kernel of the linear morphism â
(12.3). Then there exists a connection
Γ : Y → Ker L̂ ⊂ J1Y, aλµij Γ
j
µ + b
λ
i = 0, (12.4)
on Y → X . Connections (12.4) constitute an affine space modelled over a vector space of soldering
forms
φ = φiλdx
λ ⊗ ∂i
on Y → X , satisfying the conditions
aλµij φ
j
µ = 0 (12.5)
and, as a consequence, the conditions φiλb
λ
i = 0. If the Lagrangian (12.1) is regular, the connection
(12.4) is unique.
Remark 12.1. If s 6= 0̂, one can consider connections Γ taking their values into Ker sL̂. •
A matrix a in the Lagrangian L (12.1) can be seen as a global section of constant rank of a
tensor bundle
n
∧T ∗X ⊗
Y
[
2
∨(TX ⊗
Y
V ∗Y )]→ Y.
Then it satisfies the following corollary of the well-known theorem on a splitting of a short exact
sequence of vector bundles [15].
Corollary 12.1. Given a k-dimensional vector bundle E → Z, let a be a fibre metric of
rank r in E. There is a splitting
E = Ker a⊕
Z
E′ (12.6)
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where E′ = E/Ker a is the quotient bundle, and a is a non-degenerate fibre metric in E′. 
Theorem 12.2. There exists a linear bundle map
σ : Π →
Y
T ∗X ⊗
Y
V Y, yiλ ◦ σ = σ
ij
λµp
µ
j , (12.7)
such that â ◦ σ ◦ iN = iN . 
Proof. The map (12.7) is a solution of algebraic equations
aλµij σ
jk
µαa
αν
kb = a
λν
ib . (12.8)
By virtue of Corollary 12.1, there exists the bundle splitting
TX∗⊗
Y
V Y = Ker a⊕
Y
E′ (12.9)
and an atlas of this bundle such that transition functions of Ker a and E′ are mutually indepen-
dent. Since a is a non-degenerate section of
n
∧T ∗X ⊗
Y
(
2
∨E′∗)→ Y,
there exist fibre coordinates (yA) on E′ such that a is brought into a diagonal matrix with
non-vanishing components aAA. Due to the splitting (12.9), we have the corresponding bundle
splitting
TX⊗
Y
V ∗Y = (Ker a)∗⊕
Y
E′∗.
Then a desired map σ is represented by a direct sum σ1⊕ σ0 of an arbitrary section σ1 of a fibre
bundle
n
∧ TX⊗
Y
(
2
∨Ker a)→ Y
and the section σ0 of a fibre bundle
n
∧TX⊗
Y
(
2
∨E′)→ Y
which has non-vanishing components σAA = (aAA)
−1 with respect to the fibre coordinates (yA)
on E′. We have relations
σ0 = σ0 ◦ a ◦ σ0, a ◦ σ1 = 0, σ1 ◦ a = 0. (12.10)
•
Remark 12.2. Using the relations (12.10), one can write the above assumption, that the
Lagrangian constraint space NL → Y admits a global zero section, in the form
bµi = a
µλ
ij σ
jk
λνb
ν
k. (12.11)
•
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With the relations (12.4), (12.8) and (12.10), we obtain a splitting
J1Y = S(J1Y )⊕
Y
F(J1Y ) = Ker L̂⊕
Y
Im(σ ◦ L̂), (12.12)
yiλ = S
i
λ + F
i
λ = [y
i
λ − σ
ik
λα(a
αµ
kj y
j
µ + b
α
k )] + [σ
ik
λα(a
αµ
kj y
j
µ + b
α
k )], (12.13)
where, in fact, σ = σ0 owing to the relations (12.10) and (12.11). Then with respect to the
coordinates Siλ and F
i
λ (12.13), the Lagrangian (12.1) reads
L =
1
2
aλµij F
i
λF
j
µ + c
′, (12.14)
where
F iλ = σ0
ik
λαa
αµ
kj (y
j
µ − Γ
j
µ) (12.15)
for some (Ker L̂)-valued connection Γ (12.4) on Y → X . Thus, the Lagrangian (12.1), written in
the form (12.14), factorizes through the covariant differential relative to any such connection.
Turn now to PS Hamiltonian formalism. Let L (12.1) be an almost regular quadratic La-
grangian brought into the form (12.14), σ = σ0 + σ1 the linear map (12.7) and Γ the connection
(12.4). Similarly to the splitting (12.12) of a configuration space J1Y , we have the following
decomposition of a momentum phase space:
Π = R(Π)⊕
Y
P(Π) = Kerσ0⊕
Y
NL, (12.16)
pλi = R
λ
i + P
λ
i = [p
λ
i − a
λµ
ij σ
jk
µαp
α
k ] + [a
λµ
ij σ
jk
µαp
α
k ]. (12.17)
The relations (12.10) lead to the equalities
σ0
jk
µαR
α
k = 0, σ1
jk
µαP
α
k = 0, R
λ
i F
i
λ = 0. (12.18)
Relative to the coordinates (12.17), the Lagrangian constraint space NL (12.2) is given by the
equations
Rλi = p
λ
i − a
λµ
ij σ
jk
µαp
α
k = 0. (12.19)
Let the splitting (12.9) be provided with adapted fibre coordinates (ya, yA) such that the
matrix function a (12.3) is brought into a diagonal matrix with non-vanishing components aAA.
Then the Legendre bundle Π (12.16) is endowed with the dual (non-holonomic) fibre coordinates
(pa, pA) where pA are coordinates on a Lagrangian constraint space NL, given by the equalities
pa = 0. Relative to these coordinates, σ0 becomes the diagonal matrix
σAA0 = (aAA)
−1, σaa0 = 0, (12.20)
while σAa1 = σ
AB
1 = 0. Let us write
pa =Ma
i
λp
λ
i , pA =MA
i
λp
λ
i , (12.21)
where M are the matrix functions on Y which obeys the relations
Ma
i
λa
λµ
ij = 0, (M
−1)aλi σ0
ij
λµ = 0, (12.22)
MA
i
λ(a ◦ σ0)
λj
iµ =MA
j
µ, (M
−1)AµjMA
i
λ = a
µν
jk σ0
ki
νλ.
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Let us consider the affine Hamiltonian map
Φ = Γ̂ + σ : Π → J1Y, Φiλ = Γ
i
λ + σ
ij
λµp
µ
j , (12.23)
and the Hamiltonian form
H(Γ, σ1) = HΦ +Φ
∗L = pλi dy
i ∧ ωλ − (12.24)
[Γiλp
λ
i +
1
2
σ0
ij
λµp
λ
i p
µ
j + σ1
ij
λµp
λ
i p
µ
j − c
′]ω =
(Rλi + P
λ
i )dy
i ∧ ωλ − [(R
λ
i + P
λ
i )Γ
i
λ +
1
2
σ0
ij
λµP
λ
i P
µ
j + σ1
ij
λµR
λ
iR
µ
j − c
′]ω.
Theorem 12.3. The Hamiltonian forms H(Γ, σ1) (12.24) parameterized by connections Γ
(12.4) are weakly associated to the Lagrangian (12.1), and they constitute a complete set. 
Proof. By the very definitions of Γ and σ, the Hamiltonian map (12.23) satisfies the condition
(9.2). Then H(Γ, σ1) is weakly associated to L (12.1) in accordance with Theorem 9.4. Let us
write the corresponding Hamilton equation (6.4) for a section r of a Legendre bundle Π→ X . It
reads
J1s = (Γ̂ + σ) ◦ r, s = piΠY ◦ r. (12.25)
Due to the surjections S and F (12.12), the Hamilton equation (12.25) is brought into the two
parts
S ◦ J1s = Γ ◦ s, ∂λr
i − σ0
ik
λα(a
αµ
kj ∂µr
j + bαk ) = Γ
i
λ ◦ s, (12.26)
F ◦ J1s = σ ◦ r, σ0
ik
λα(a
αµ
kj ∂µr
j + bαk ) = σ
ik
λαr
α
k . (12.27)
Let s be an arbitrary section of Y → X , e.g., a solution of the Euler – Lagrange equation. There
exists the connection Γ (12.4) such that the relation (12.26) holds, namely, Γ = S ◦ Γ′ where Γ′
is a connection on Y → X which has s as an integral section. It is easily seen that, in this case,
the Hamiltonian map (12.23) satisfies the relation (9.13) for s. Hence, the Hamiltonian forms
(12.24) constitute a complete set. •
It is readily observed that, if σ1 = 0, then Φ = Ĥ(Γ), and the Hamiltonian formsH(Γ, σ1 = 0)
(12.24) are associated to the Lagrangian (12.1). For different σ1, we have different complete
sets of Hamiltonian forms (12.24). Hamiltonian forms H(Γ, σ1) and H(Γ
′, σ1) (12.24) of such a
complete set differ from each other in the term φiλR
λ
i , where φ are the soldering forms (12.5). This
term vanishes on the Lagrangian constraint space (12.19). Accordingly, the covariant Hamilton
equations for different Hamiltonian forms H(Γ, σ1) and H(Γ
′, σ1) (12.24) differ from each other
in the equations (12.26).
Since the Lagrangian constraint space NL (12.19) is an imbedded subbundle of Π → Y , all
Hamiltonian forms H(Γ, σ1) (12.24) define a unique constrained Hamiltonian form HN (9.15) on
NL which reads
HN = i
∗
NH(Γ, σ1) = P
λ
i dy
i ∧ ωλ − [P
λ
i Γ
i
λ +
1
2
σ0
ij
λµP
λ
i P
µ
j − c
′]ω. (12.28)
In view of the relations (12.18), the corresponding constrained Lagrangian LN (9.19) on J
1NL
takes a form
LN = h0(HN ) = (P
λ
i F
i
λ −
1
2
σ0
ij
λµP
λ
i P
µ
j + c
′)ω. (12.29)
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It is the pull-back onto J1NL of a Lagrangian
LH(Γ,σ1) = R
λ
i (S
i
λ − Γ
i
λ) + P
λ
i F
i
λ −
1
2
σ0
ij
λµP
λ
i P
µ
j −
1
2
σ1
ij
λµR
λ
iR
µ
j + c
′ (12.30)
on J1Π for any Hamiltonian form H(Γ, σ1) (12.24).
In fact, the Lagrangian LN (12.29) is defined on the product NL ×Y J1Y (see Remark 6.1).
Since the momentum phase space Π (12.16) is a trivial bundle pr2 : Π→ NL over the Lagrangian
constraint space NL, one can consider the pull-back
LΠ = (P
λ
i F
i
λ −
1
2
σ0
ij
λµP
λ
i P
µ
j + c
′)ω (12.31)
of the constrained Lagrangian LN (12.29) onto Π×
Y
J1Y .
In a case of quadratic Lagrangians, we can improve Theorem 9.13 as follows.
Theorem 12.4. For every Hamiltonian form H (12.24), the Hamilton equations (6.5) and
(12.27) restricted to a Lagrangian constraint space NL are equivalent to the constrained Hamilton
equation (9.16). 
Proof. Due to the splitting (12.16), we have the corresponding splitting of the vertical tangent
bundle VY Π of a Legendre bundle Π → Y . In particular, any vertical vector field u on Π → X
admits the decomposition
u = [u− uTN ] + uTN , uTN = u
i∂i + a
λµ
ij σ
jk
µαu
α
k∂
i
λ,
such that uN = uTN |NL is a vertical vector field on a Lagrangian constraint space NL → X .
Let us consider the equations
r∗(uTN⌋dH) = 0 (12.32)
where r is a section of Π → X and u is an arbitrary vertical vector field on Π → X . They are
equivalent to the pair of equations
r∗(aλµij σ
jk
µα∂
i
λ⌋dH) = 0, (12.33)
r∗(∂i⌋dH) = 0. (12.34)
The equation (12.34) obviously is the Hamilton equation (6.5) for H . Bearing in mind the
relations (12.4) and (12.10), one can easily show that the equation (12.33) coincides with the
Hamilton equation (12.27). The proof is completed by observing that, restricted to a Lagrangian
constraint space NL, the equation (12.32) is exactly the constrained Hamilton equation (9.17).
•
Theorem 12.4 shows that, restricted to a Lagrangian constraint space, the Hamilton equation
for different Hamiltonian forms (12.24) associated to the same quadratic Lagrangian (12.1) differ
from each other in the equations (12.26). These equations are independent of momenta and play
a role of the gauge-type conditions as follows.
By virtue of Theorem 9.15, the constrained Hamilton equation is quasi-equivalent to the
Cartan equation. A section s of J1Y → X is a solution of the Cartan equation for an almost
regular quadratic Lagrangian (12.1) iff r = L̂ ◦ s is a solution of the Hamilton equations (6.5)
and (12.27). In particular, let s be such a solution of the Cartan equation and s0 a section of a
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fibre bundle T ∗X ⊗
Y
V Y → X which takes its values into KerL (see (12.3)) and projects onto a
section s = pi10 ◦ s of Y → X . Then the affine sum s+ s0 over s(X) ⊂ Y is also a solution of the
Cartan equation. Thus, we come to the notion of a gauge-type freedom of the Cartan equation
for an almost regular quadratic Lagrangian L. One can speak of the gauge classes of solutions
of the Cartan equation whose elements differ from each other in the above-mentioned sections
s0. Let z be such a gauge class whose elements project onto a section s of Y → X . For different
connections Γ (12.4), we consider a condition
S ◦ s = Γ ◦ s, s ∈ z. (12.35)
Lemma 12.5. (i) If two elements s and s′ of the same gauge class z obey the same condition
(12.35), then s = s′. (ii) For any solution s of the Cartan equation, there exists a connection
(12.4) which fulfills the condition (12.35). 
Proof. (i) Let us consider the affine difference s− s′ over s(X) ⊂ Y . We have S(s − s′) = 0
iff s = s′. (ii) In the proof of Theorem 12.3, we have shown that, given s = pi01 ◦ s, there exists
the connection Γ (12.4) which fulfills the relation (12.26). Let us consider the affine difference
S(s − J1s) over s(X) ⊂ Y . This is a local section of the vector bundle KerL → Y over s(X).
Let φ be its prolongation onto Y . It is easy to see that Γ + φ is a desired connection. •
Due to the properties in Lemma 12.5, one can treat (12.35) as a gauge-type condition on
solutions of the Cartan equation. The Hamilton equation (12.26) exemplifies this gauge-type
condition when s = J1s is a solution of the Euler – Lagrange equation. At the same time, the
above-mentioned freedom characterizes solutions of the Cartan equation, but not of the Euler
– Lagrange one. First of all, this freedom reflects the degeneracy of the Cartan equation (2.3).
Therefore, e.g., in Hamiltonian gauge theory (Section 13), the above mentioned freedom is not
related directly to the familiar gauge invariance. Nevertheless, the Hamilton equation (12.26)
are not gauge invariant, and thus can play a role of gauge conditions in gauge theory.
Now let us study symmetries of the Lagrangians LN (12.29) and LΠ (12.31) [2, 15]. We aim
to show that, under certain conditions, they inherit Noether (i.e. vertical classical) symmetries
of an original Lagrangian L (12.14) (Theorems 12.6 – 12.7).
Let a vertical vector field u = ui∂i on Y → X be a classical (Noether) symmetry of the
Lagrangian L (12.14), i.e.,
LJ1uL = (u
i∂i + dλu
i∂λi )Lω = 0. (12.36)
Since
J1u(yiλ − Γ
i
λ) = ∂ku
i(ykλ − Γ
k
λ), (12.37)
one easily obtains from the equality (12.36) that
uk∂ka
λµ
ij + ∂iu
kaλµkj + a
λµ
ik ∂ju
k = 0. (12.38)
It follows that the summands of the Lagrangian (12.14) are invariant separately, i.e.,
J1u(aλµij F
i
λF
j
µ) = 0, J
1u(c′) = uk∂kc
′ = 0. (12.39)
The equalities (12.15), (12.37) and (12.38) give the transformation law
J1u(aλµij F
j
µ) = −∂iu
kaλµkj F
j
µ. (12.40)
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The relations (12.10) and (12.38) lead to the equality
aλµij [u
k∂kσ0
jn
µα − ∂ku
jσ0
kn
µα − σ0
jk
µα∂ku
n]aανnb = 0. (12.41)
Let us compare symmetries of the Lagrangian L (12.14) and the Lagrangian LN (12.29).
Given the Legendre map L̂ (12.2) and the tangent morphism
T L̂ : TJ1Y → TNL, p˙A = (y˙
i∂i + y˙
k
ν∂
ν
k )(MA
i
λa
λµ
ij F
j
µ),
let us consider the map
T L̂ ◦ J1u : J1Y ∋ (xλ, yi, yiλ)→ (12.42)
ui∂i + (u
k∂k + ∂νu
k∂νk )(MA
i
λa
λµ
ij F
j
µ)∂
A =
ui∂i + [u
k∂k(MA
i
λ)a
λµ
ij F
j
µ +MA
i
λJ
1u(aλµij F
j
µ)]∂
A =
ui∂i + [u
k∂k(MA
i
λ)a
λµ
ij F
j
µ −MA
i
λ∂iu
kaλµkj F
j
µ]∂
A =
ui∂i + [u
k∂k(a ◦ σ0)
µi
jλP
λ
i − (a ◦ σ0)
µi
jλ∂iu
kPλk ]∂
j
µ ∈ TNL,
where the relations (12.22) and (12.40) have been used. Let us assign to a point (xλ, yi,Pλi ) ∈ NL
some point
(xλ, yi, yiλ) ∈ L̂
−1(xλ, yi,Pλi ) (12.43)
and then the image of the point (12.43) under the morphism (12.42). We obtain the map
vN : (x
λ, yi,Pλi )→ u
i∂i + [u
k∂k(a ◦ σ0)
µi
jλP
λ
i − (a ◦ σ0)
µi
jλ∂iu
kPλk ]∂
j
µ (12.44)
which is independent of a choice of the point (12.43). Therefore, it is a vector field on a Lagrangian
constraint space NL. This vector field gives rise to a vector field
JvN = u
i∂i + [u
k∂k(a ◦ σ0)
µi
jλP
λ
i − (a ◦ σ0)
µi
jλ∂iu
kPλk ]∂
j
µ + dλu
i∂λi (12.45)
on NL×
Y
J1Y .
Theorem 12.6. The Lie derivative LJvNLN of the Lagrangian LN (12.29) along the vector
field JvN (12.45) vanishes, i.e., any Noether symmetry u of the Lagrangian L (12.14) yields the
symmetry vN (12.44) of the Lagrangian LN (12.29). 
Proof. One can show that
vN (P
λ
i ) = −∂iu
kPλk (12.46)
on the constraint space Rλi = 0. Then the invariance condition JvN (LN ) = 0 falls into the three
equalities
JvN (σ0
ij
λµP
λ
i P
µ
j ) = 0, JvN (P
λ
i F
i
λ) = 0, JvN (c
′) = 0. (12.47)
The latter is exactly the second equality (12.39). The first equality (12.47) is satisfied due to the
relations (12.41) and (12.46). The second one takes a form
JvN (P
λ
i (y
i
λ − Γ
i
λ)) = 0. (12.48)
It holds owing to the relations (12.37) and (12.46). •
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Turn now to symmetries of the Lagrangian LΠ (12.31). Since LΠ is the pull-back of LN onto
Π×
Y
J1Y , its symmetry must be an appropriate lift of the vector field vN (12.44) onto Π.
Given a vertical vector field u on Y → X , let us consider its canonical lift (10.13):
u˜ = ui∂i − ∂iu
jpλj ∂
i
λ, (12.49)
onto the Legendre bundle Π. It readily observed that the vector field u˜ is projected onto the
vector field vN (12.44).
Let us additionally suppose that the one-parameter group of automorphisms of Y generated
by u preserves the splitting (12.12), i.e., u obeys the condition
uk∂k(σ0
im
λν a
νµ
mj) + σ0
im
λν a
νµ
mk∂ju
k − ∂ku
iσ0
km
λν a
νµ
mj = 0. (12.50)
The relations (12.37) and (12.50) lead to the transformation law
J1u(F iµ) = ∂ju
iF jµ. (12.51)
Theorem 12.7. If the condition (12.50) holds, the vector field u˜ (12.49) is a symmetry of
the Lagrangian LΠ (12.31) iff u is a Noether symmetry of the original Lagrangian L (12.14). 
Proof. Due to the condition (12.50), the vector field u˜ (12.49) preserves the splitting (12.16),
i.e.,
u˜(Pλi ) = −∂iu
kPλk , u˜(R
λ
i ) = −∂iu
kRλk . (12.52)
The vector field u˜ gives rise to the vector field (10.14):
Ju˜ = ui∂i − ∂iu
jpλj ∂
i
λ + dλu
i∂λi , (12.53)
on Π×
Y
J1Y , and we obtain the Lagrangian symmetry condition
(ui∂i − ∂ju
ipλi ∂
j
λ + dλu
i∂λi )LΠ = 0. (12.54)
It is readily observed that the first and third terms of a Lagrangian LΠ are separately invariant
due to the relations (12.39) and (12.51). Its second term is invariant owing to the equality (12.41).
Conversely, let the invariance condition (12.54) hold. It falls into the independent equalities
Ju˜(σ0
ij
λµp
λ
i p
µ
j ) = 0, Ju˜(p
λ
i F
i
λ) = 0, u
i∂ic
′ = 0, (12.55)
i.e., the Lagrangian LΠ is invariant iff its three summands are separately invariant. One obtains
at once from the second condition (12.55) that the quantity F is transformed as the dual of
momenta p. Then the first condition (12.55) shows that the quantity σ0p is transformed by
the same law as F . It follows that the term aFF in the Lagrangian L (12.14) is transformed
as a(σ0p)(σ0p) = σ0pp, i.e., it is invariant. Then this Lagrangian is invariant due to the third
equality (12.55). •
Remark 12.3. At the same time, a Lagrangian LΠ may possess additional non-classical
symmetries which do not come from symmetries of an original Lagrangian L. For instance, let
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us assume that Y → X is an affine bundle modelled over a vector bundle Y → X . In this case,
the Legendre bundle Π (1.15) is isomorphic to the product
Π = Y ×
X
(Y
∗
⊗
X
n
∧T ∗X ⊗
X
TX)
such that transition functions of coordinates pλi are independent of y
i. Then the splitting (12.16)
takes a form
Π = Y ×
X
(Kerσ0⊕
X
NL), (12.56)
where Kerσ0 and NL are fibre bundles over X such that
Kerσ0 = pi
∗Kerσ0,
and NL = pi
∗NL are their pull-backs onto Y . The splitting (12.56) keeps the coordinate form
(12.17). The splittings (12.12) and (12.56) lead to the decomposition
Π×
Y
J1Y = (Kerσ0⊕
X
NL)×
Y
(Ker L̂⊕
Y
Im(σ0 ◦ L̂)). (12.57)
In view of this decomposition, let us associate to any section ξ of Kerσ0 → X the vector field
uΠ = ξa(M
−1)aλi ∂
i
λ, (12.58)
on Π. Its lift (10.14) onto Π×
Y
J1Y keeps the coordinate form
JuΠ = ξa(M
−1)aλi ∂
i
λ. (12.59)
It is readily observed that the Lie derivative of the Lagrangian LΠ (12.31) along the vector field
(12.59) vanishes, i.e., uΠ is a symmetry of LΠ. Moreover, the vector fields (12.58), parameterized
by sections ξ of Kerσ0 → X , is a gauge symmetry of LΠ [15, 16]. However, it does not come
from symmetries of an original Lagrangian L. •
13 PS Hamiltonian gauge theory
Yang – Mills gauge theory of principal connections provides the most physically relevant example
of a quadratic Lagrangian and PS Hamiltonian systems [10, 15]. The peculiarity of gauge theory
lies in the fact that the splittings (12.12) and (12.16) of its configuration and momentum phase
spaces are canonical.
Let P → X be a principal bundle with a structure Lie groupG. Being G-equivariant, principal
connections on P → X are represented by sections of the affine bundle
C = J1P/G→ X, (13.1)
called the bundle of principal connections. It is modelled over a vector bundle T ∗X⊗VGP , where
VGP = V P/G→ X is the fibre bundle in Lie algebras g of the group G. Given a basis {εr} for
g, we obtain local fibre bases {er} for VGP . The connection bundle C (13.1) is coordinated by
(xµ, arµ) such that, written relative to these coordinates, sections A = A
r
µdx
µ ⊗ er of C → X are
familiar local connection one-forms, regarded as gauge potentials.
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There is one-to-one correspondence between the sections ξ = ξrer of VGP → X and the vector
fields on P which are infinitesimal generators of one-parameter groups of vertical automorphisms
(gauge transformations) of P . Any section ξ of VGP → X yields the vector field
uξ = u
r
µ∂
µ
r = (∂µξ
r + crpqa
p
µξ
q)∂µr (13.2)
on C, where crpq are the structure constants of a Lie algebra g.
The configuration space of gauge theory is the first order jet manifold J1C equipped with the
adapted coordinates (xλ, amλ , a
m
µλ). This configuration space admits the canonical splitting
J1C = C+⊕
C
C− = C+⊕(C ×
X
2
∧T ∗X ⊗
X
VGP ), (13.3)
arµλ =
1
2
(arµλ + a
r
λµ − c
r
pqa
p
µa
q
λ) +
1
2
(arµλ − a
r
λµ + c
r
pqa
p
µa
q
λ),
with the corresponding projections
S : J1C → C+, S
r
µλ = a
r
µλ + a
r
λµ − c
r
pqa
p
µa
q
λ, (13.4)
F : J1C → C−, F
r
µλ = a
r
µλ − a
r
λµ + c
r
pqa
p
µa
q
λ, (13.5)
where F is the strength of gauge fields.
Gauge theory of principal connections on P → X is characterized by almost regular first
order Yang–Mills Lagrangian
LYM =
1
4
aGpqg
λµgβνFpλβF
q
µν
√
|g|ω, g = det(gµν), (13.6)
on J1C, where aG is a non-degenerate G-invariant metric on the Lie algebra gr and g is a
non-degenerate world metric on X . It possesses the gauge symmetries uξ (13.2). Their jet
prolongation onto J1C read
J1uξ = (∂µξ
r + crqpa
q
µξ
p)∂µr + (c
r
pq(a
p
λµξ
q + apµ∂λξ
q) + ∂λ∂µξ
r)∂λµr , (13.7)
and we have transformation laws
J1uξ(F
r
λµ) = c
r
pqF
p
λµξ
q,
J1uξ(S
r
λµ) = c
r
pqS
p
λµξ
q + crpqa
p
µ∂λξ
q + ∂λ∂µξ
r. (13.8)
The Euler – Lagrange operator of the Yang – Mills Lagrangian LYM (13.6) is
δLYM = EYM = E
µ
r θ
µ
r ∧ ω = (δ
n
r dλ + c
n
rpa
p
λ)(a
G
nqg
µαgλβFqαβ
√
|g|)θrµ ∧ ω.
Its kernel defines the Yang – Mills equation
Eµr = (δ
n
r dλ + c
n
rpa
p
λ)(a
G
nqg
µαgλβFqαβ
√
|g|) = 0. (13.9)
A momentum phase space of gauge theory is the Legendre bundle
piΠC : Π→ C, Π =
n
∧T ∗X ⊗
C
TX⊗
C
[C × C]∗, (13.10)
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endowed with holonomic coordinates (xλ, apλ, p
µλ
m ). The Legendre bundle Π (13.10) admits the
canonical decomposition (12.16):
Π = Π+⊕
C
Π−, (13.11)
pµλm = R
(µλ)
m + P
[µλ]
m = p
(µλ)
m + p
[µλ]
m =
1
2
(pµλm + p
λµ
m ) +
1
2
(pµλm − p
λµ
m ).
The Legendre map associated to the Lagrangian (13.6) takes a form
p(µλ)m ◦ L̂YM = 0, (13.12)
p[µλ]m ◦ L̂YM = a
G
mng
µαgλβFnαβ
√
| g |. (13.13)
A glance at this morphism shows that Ker L̂YM = C+, and the Lagrangian constraint space is
NL = L̂YM (J
1C) = Π−. (13.14)
It is defined by the equation p
(µλ)
m = 0 (13.12). Obviously, NL is an imbedded submanifold of Π,
and the Lagrangian LYM is almost regular.
Let us consider connections Γ on a fibre bundle C → X which take their values into Ker L̂,
i.e.,
Γ : C → C+, Γ
r
λµ − Γ
r
µλ + c
r
pqa
p
λa
q
µ = 0. (13.15)
Given a symmetric linear connection K (3.10) on T ∗X , every principal connection B on a prin-
cipal bundle P → X gives rise to a connection ΓB : C → C+ such that
ΓB ◦B = S ◦ J
1B.
It reads
ΓB
r
λµ =
1
2
[∂µB
r
λ + ∂λB
r
µ − c
r
pqa
p
λa
q
µ + c
r
pq(a
p
λB
q
µ + a
p
µB
q
λ)]−Kλ
β
µ(a
r
β −B
r
β). (13.16)
Given the connection (13.16), the corresponding Hamiltonian form (12.24):
HB = p
λµ
r da
r
µ ∧ ωλ − p
λµ
r ΓB
r
λµω − H˜YMω, (13.17)
H˜YM =
1
4
amnG gµνgλβp
[µλ]
m p
[νβ]
n
√
|g|,
is associated to the Lagrangian LYM (13.6). It is the Poincare´ – Cartan form of a Lagrangian
LH = [p
λµ
r (a
r
λµ − ΓB
r
λµ)− H˜YM ]ω (13.18)
on Π×
C
J1C. The pull-back of any Hamiltonian form HB (13.17) onto the Lagrangian constraint
space NL (13.14) is the constrained Hamiltonian form (9.15):
HN = i
∗
NHB = p
[λµ]
r (da
r
µ ∧ ωλ +
1
2
crpqa
p
λa
q
µω)− H˜YMω. (13.19)
The corresponding constrained Lagrangian LN on
NL×
C
J1C = Π−⊗
C
J1C (13.20)
reads
LN = (p
[λµ]
r F
r
λµ − H˜YM )ω. (13.21)
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Its pull-back LΠ onto Π×
C
J1C is
LΠ = (p
λµ
r F
r
λµ − H˜YM )ω. (13.22)
Note that, in contrast with the Lagrangian (13.18), the constrained Lagrangian LN (13.21)
possesses gauge symmetries as follows. Gauge symmetries uξ (13.2) of the Yang – Mills Lagran-
gian give rise to vector fields (12.49):
u˜ξ = (∂µξ
r + crqpa
q
µξ
p)∂µr − c
r
qpξ
ppλµr ∂
q
λµ (13.23)
on Π. Vector fields J1uξ (13.7) and u˜ξ (13.23) provide gauge symmetries
Ju˜ξ = J
1u+ u˜ (13.24)
of the Lagrangians LN (13.21) and LΠ (13.22) in accordance with Theorems 12.6 – 12.7.
The Hamiltonian form HB (13.17) yields the covariant Hamilton equation which consist of
the equation (13.13) and the equations
amλµ + a
m
µλ = 2ΓB
m
(λµ), (13.25)
pλµλr = c
q
prr
p
λp
[λµ]
q − c
q
rpB
p
λp
(λµ)
q +Kλ
µ
νp
(λν)
r . (13.26)
The Hamilton equations (13.25) and (13.13) are similar to the equations (12.26) and (12.27),
respectively. The Hamilton equations (13.13) and (13.26) restricted to the Lagrangian constraint
space (13.12) are precisely the constrained Hamilton equation (9.16) for the constrained Hamil-
tonian form HN (13.19), and they are equivalent to the Yang – Mills equation (13.9) for gauge
potentials A = piΠC ◦ r.
Different Hamiltonian forms HB lead to different equations (13.25). This equation is inde-
pendent of momenta and, thus, it exemplifies the gauge-type condition (12.26):
ΓB ◦A = S ◦ J
1A.
A glance at this condition shows that, given a solution A of the Yang – Mills equation, there
always exists a Hamiltonian form HB (e.g., HB=A) which obeys the condition (9.13), i.e.,
ĤB ◦ L̂YM ◦ J
1A = J1A.
Consequently, the Hamiltonian forms HB (13.17) parameterized by principal connections B con-
stitute a complete set.
It should be emphasized that the gauge-type condition (13.25) differs from the familiar gauge
conditions in gauge theory which single out a representative of each gauge coset (with the accuracy
to Gribov’s ambiguity). Namely, if a gauge potential A is a solution of the Yang – Mills equation,
there exists a gauge conjugate potential A′ which also is a solution of the Yang – Mills equation
and satisfies a given gauge condition. At the same time, not every solution of the Yang – Mills
equation is a solution of the system of the Yang – Mills equation and a certain gauge condition.
In other words, there are solutions of the Yang – Mills equation which are not singled out by
the gauge conditions known in gauge theory. In this sense, this set of gauge conditions is not
complete. In gauge theory, this lack is not essential since one can think of all gauge conjugate
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potentials as being physically equivalent, but not in the case of other non-regular Lagrangian
systems, e.g., that of Proca fields ([10], Example 4.6.5).
In the framework of the PS Hamiltonian description of quadratic Lagrangian systems, there is
a complete set of gauge-type conditions in the sense that, for any solution of the Euler – Lagrange
equation, there exist constrained Hamilton equation equivalent to this Euler – Lagrange equation
and a supplementary gauge-type condition which this solution satisfies.
In gauge theory where gauge conjugate solutions are treated physically equivalent, one may
replace the equation (13.25) with a condition on the quantity
(S ◦ J1A)rλµ =
1
2
(∂λA
r
µ + ∂µA
r
λ − c
r
pqA
p
λA
q
µ),
which supplements the Yang – Mills equation and plays a role of a gauge condition due to the
gauge transformation law (13.8). In particular,
gλµ(S ◦ J1A)rλµ = α
r(x) (13.27)
recovers the familiar generalized Lorentz gauge condition.
14 Affine Lagrangian and Hamiltonian systems
Let us turn now to a case of an affine Lagrangian system on a fibre bundle Y → X whose
Lagrangian is given by the coordinate expression
L = Lω, L = bλi y
i
λ + c, (14.1)
where b and c are local functions on Y . The corresponding Legendre map L̂ (1.14) takes a form
pλi ◦ L̂ = b
λ
i . (14.2)
We have the commutative diagram
J1Y
L̂
−→ Q ⊂ Π
ցր b
Y
,
b = bλi ωλ ⊗ dy
i,
where Q = b(Y ) is the image of a section b of a Legendre bundle Π→ Y . Clearly, the Lagrangian
(14.1) is almost regular without fail.
Let Γ be an arbitrary connection (3.8) on a fibre bundle Y → X , and let Γ̂ the associated
Hamiltonian map (5.6). This Hamiltonian map satisfies the condition (9.5), where L̂ is the
Legendre morphism (14.2). Let us consider the Hamiltonian form (9.6) corresponding to Γ̂. It
reads
H = HΓ + L ◦ Γ = p
λ
i dy
i ∧ ωλ − (p
λ
i − b
λ
i )Γ
i
λω + cω, (14.3)
and is weakly associated to the affine Lagrangian (14.1). The corresponding Hamiltonian map
yiλ ◦ Ĥ = Γ
i
λ (14.4)
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coincides with Γ̂, i.e., H (14.3) is associated to L.
The Hamiltonian form H (14.3) is affine in canonical momenta. It follows that the Hamilton
equation (6.4) for H reduce to the gauge-type condition
∂λr
i = Γiλ,
whose solutions are integral sections of the connection Γ.
Conversely, for each section s of a fibre bundle Y → X , there exists a connection Γ on Y
whose integral section is s. Then, the corresponding Hamiltonian map (14.4) obeys the condition
(9.13). It follows that the Hamiltonian forms (14.3) parameterized by connections Γ on a fibre
bundle Y → X constitute a complete family.
The most physically relevant examples of affine Lagrangian and PS Hamiltonian systems are
Dirac spinor fields and metric affine-gravitation theory [10, 38, 40].
15 Functional integral quantization
The fact that PS Hamiltonian system with the Hamiltonian form H (5.2) on a Legendre bundle
Π is equivalent to a first order Lagrangian system on Π with the Lagrangian LH (6.2) enables us
to quantize this PS Hamiltonian system in the framework of familiar perturbative quantum field
theory [2, 39].
If there is no constraints and the matrix ∂2H/∂pµi ∂p
ν
j is non-degenerate and positive-definite,
this quantization is given by the generating functional
Z = N−1
∫
exp{
∫
(LH + Λ+ iJiy
i + iJ iµp
µ
i )dx}
∏
x
[dp(x)][dy(x)] (15.1)
of Euclidean Green functions, where Λ comes from the normalization condition∫
exp{
∫
(−
1
2
∂iµ∂
j
νHp
µ
i p
ν
j + Λ)dx}
∏
x
[dp(x)] = 1.
If a Hamiltonian H is degenerate, the Lagrangian LH (6.2) may admit gauge symmetries. In
this case, integration of a generating functional along gauge group orbits must be finite. If there
are constraints, the Lagrangian system with the Lagrangian LH (6.2) restricted to a constraint
space is quantized.
In order to verify this functional integral quantization scheme, we apply it to PS Hamiltonian
systems associated to Lagrangian systems with quadratic Lagrangians (12.1). Note that, in the
framework of perturbative quantum field theory, any Lagrangian is split into a sum of some
quadratic Lagrangian (12.1) and an interaction term quantized as a perturbation.
For instance, let the Lagrangian (12.1) be hyperregular, i.e., the matrix function a is non-
degenerate. Then there exists a unique associated Hamiltonian system whose associated Hamilto-
nian form H (9.1) is quadratic in momenta pµi , and so is the corresponding Lagrangian LH (6.2).
If the matrix function a is positive-definite on an Euclidean space-time, the generating functional
(15.1) is a Gaussian integral of momenta pµi (x). Integrating Z with respect to p
µ
i (x), one restarts
the generating functional of quantum field theory with the original Lagrangian (12.1). We ex-
tend this result to theories with almost regular Lagrangians L (12.1), e.g., Yang – Mills gauge
theory. The key point is that, though such a Lagrangian L yields Lagrangian constraints NL
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(12.19) and admits different associated Hamiltonian forms H , all the Lagrangians LH coincide
on a constraint space J1Y ×Y NL, and we have a unique constrained Lagrangian system with a
Lagrangian LN which is equivalent to the original one.
Let us quantize a Lagrangian system with the Lagrangian LN = LNω (12.29) on a product
J1Y ×Y NL. In the framework of a perturbative quantum field theory, we should assume that
X = Rn and Y → X is a trivial affine bundle. It follows that both the original coordinates
(xλ, yi, pλi ) and the adapted coordinates (x
λ, yi, pa, pA) on the Legendre bundle Π are global.
Passing to field theory on an Euclidean space Rn, we also assume that the matrix a in the
Lagrangian L (12.14) is positive-definite, i.e., aAA > 0.
Let us start with the Lagrangian (12.29) without gauge symmetries. Since a Lagrangian
constraint space NL can be equipped with the adapted coordinates pA, the generating functional
of Euclidean Green functions of a Lagrangian system in question reads
Z = N−1
∫
exp{
∫
(LN +
1
2
tr lnσ0 + iJiy
i + iJApA)ω}
∏
x
[dpA(x)][dy(x)], (15.2)
where LN with respect to the adapted coordinates is given by an expression
LN =M
−1λA
i pAF
i
λ −
1
2
∑
A
(aAA)
−1(pA)
2 + c′,
and σ0 is a square matrix
σAB0 =M
−1λA
i M
−1µB
j σ0
ij
λµ = δ
AB(aAA)
−1.
The generating functional (15.2) is a Gaussian integral of functional variables pA(x). Its
integration with respect to pA(x) under the condition J
A = 0 restarts a generating functional
Z = N−1
∫
exp{
∫
(L+ iJiy
i)ω}
∏
x
[dy(x)], (15.3)
of the original Lagrangian field system on Y with the Lagrangian (12.14). However, the generating
functional (15.2) can not be rewritten with respect to the original variables pµi , unless a is a non-
degenerate matrix function.
In order to overcome this difficulty, let us consider a Lagrangian system on the whole Legendre
manifold Π with the Lagrangian LΠ (12.31). Since this Lagrangian is constant along the fibres
of a vector bundle Π→ NL, the integration of the generating functional of this field model with
respect to variables pa(x) should be finite. One can choose the generating functional in a form
Z = N−1
∫
exp{
∫
(LΠ −
1
2
σ1
ij
λµp
λ
i p
µ
j +
1
2
tr lnσ + iJiy
i + iJ iµp
µ
i )ω}
∏
x
[dp(x)][dy(x)]. (15.4)
Its integration with respect to momenta pλi (x) restarts the generating functional (15.3) of the
original Lagrangian system on Y .
Remark 15.1. Strictly speaking, since a Lagrangian LΠ may possess gauge symmetries
(Remark 12.3), in order to obtain the generating functional (15.4), one can follow a procedure
of quantization of gauge-invariant Lagrangian systems. In a case of the Lagrangian LΠ (12.31),
this procedure is rather trivial because the space of momenta variables pa(x) coincides with the
translation subgroup of the gauge group AutKer σ0. •
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Now let us suppose that the Lagrangian LN (12.29) and, consequently, the Lagrangian LΠ
(12.31) (Theorem 12.7) are invariant under some gauge group GX of vertical automorphisms
of a fibre bundle Y → X (and the induced automorphisms of Π → X) which acts freely on a
space of sections of Y → X . Its infinitesimal generators are represented by vertical vector fields
u = ui(xµ, yj)∂i on Y → X which give rise to the vector fields u = Ju˜ (12.53):
u = ui∂i − ∂ju
ipλi ∂
j
λ + dλu
i∂λi , dλ = ∂λ + y
i
λ∂i, (15.5)
on Π×
Y
J1Y . Let us also assume that GX is indexed by m parameter functions ξ
r(x) such that
u = ui(xλ, yj, ξr)∂i, where
ui(xλ, yj , ξr) = uir(x
λ, yj)ξr + uiµr (x
λ, yj)∂µξ
r (15.6)
are linear first order differential operators on a space of parameters ξr(x) [15, 16]. The vector
fields u(ξr) must satisfy the commutation relations
[u(ξq), u(ξ′p)] = u(crpqξ
′pξq),
where crpq are structure constants. The Lagrangian LΠ (12.31) is invariant under the above
mentioned gauge transformations iff its Lie derivative LuLΠ along vector fields (15.5) vanishes,
i.e.,
(ui∂i − ∂ju
ipλi ∂
j
λ + dλu
i∂λi )LΠ = 0. (15.7)
Since the operator Lu is linear in momenta p
µ
i , the condition (15.7) falls into the independent
conditions (12.55). It follows that a Lagrangian LΠ is gauge-invariant iff its three summands are
separately gauge-invariant.
Since Siλ = y
i
λ −F
i
λ, one can easily derive from the formula (12.51) the transformation law
u(Siµ) = dµu
i − ∂ju
iF jµ = dµu
i − ∂ju
i(yjµ − S
j
µ) = ∂µu
i + ∂ju
iSjµ (15.8)
of S. A glance at this expression shows that the gauge group GX acts freely on a space of sections
S(x) of the fibre bundle Ker L̂→ Y in the splitting (12.12). Let the number m of parameters of
a gauge group GX do not exceed the fibre dimension of Ker L̂ → Y . Then some combinations
brµi S
i
µ of S
i
µ can be used as the gauge condition
brµi S
i
µ(x)− α
r(x) = 0,
similar to the generalized Lorentz gauge (13.27) in Yang–Mills gauge theory.
Turn now to quantization of a Lagrangian system with the gauge-invariant Lagrangian LΠ
(12.31). In accordance with the well-known quantization procedure, let us modify the generating
functional (15.4) as follows
Z = N−1
∫
exp{
∫
(LΠ −
1
2
σ1
ij
λµp
λ
i p
µ
j +
1
2
tr lnσ −
1
2
hrsα
rαs + iJiy
i + iJ iµp
µ
i )ω}
∆
∏
x
r
× δ(brµi S
i
µ(x)− α
r(x))[dα(x)][dp(x)][dy(x)] =
N ′−1
∫
exp{
∫
(LΠ −
1
2
σ1
ij
λµp
λ
i p
µ
j +
1
2
tr lnσ −
1
2
hrsb
rµ
i b
sλ
j S
i
µS
j
λ + iJiy
i + iJ iµp
µ
i )ω}
∆
∏
x
[dp(x)][dy(x)], (15.9)
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where ∫
exp{
∫
(−
1
2
hrsα
rαs)ω}
∏
x
[dα(x)]
is a Gaussian integral, and the factor ∆ is defined by the condition
∆
∫ ∏
x
r
× δ(u(ξ)(brµi S
i
µ))[dξ(x)] = 1.
We have the linear second order differential operator
M rs ξ
s = u(ξ)(brµi S
i
µ(x)) = b
rµ
i (∂µu
i(ξ) + ∂ju
i(ξ)Sjµ) (15.10)
on the parameter functions ξ(x), and obtain ∆ = detM . Then the generating functional (15.9)
takes a form
Z = N ′−1
∫
exp{
∫
(LΠ −
1
2
σ1
ij
λµp
λ
i p
µ
j +
1
2
tr lnσ −
1
2
hrsb
rµ
i b
sλ
j S
i
µS
j
λ − crM
r
s c
s +
iJiy
i + iJ iµp
µ
i )ω}
∏
x
[dc][dc][dp(x)][dy(x)], (15.11)
where cr, c
s are odd ghost fields. Integrating Z (15.11) with respect to momenta under the
condition J iµ = 0, we come to the generating functional
Z = N ′−1
∫
exp{
∫
(L −
1
2
hrsb
rµ
i b
sλ
j S
i
µS
j
λ − crM
r
s c
s + iJiy
i)ω}
∏
x
[dc][dc][dy(x)] (15.12)
of the original Lagrangian system on Y with the gauge-invariant Lagrangian L (12.14).
Note that the Lagrangian
L′ = L−
1
2
hrsb
rµ
i b
sλ
j S
i
µS
j
λ − crM
r
s c
s (15.13)
fails to be gauge-invariant, but it admits the BRST symmetry whose odd operator reads
ϑ = ui(xµ, yi, cs)∂i + dλu
i(xµ, yi, cs)∂λi + vr(x
µ, yi, yiµ)
∂
∂cr
+
vr(xµ, yi, cs)
∂
∂cr
+ dλv
r(xµ, yi, cs)
∂
∂crλ
+ dµdλv
r(xµ, yi, cs)
∂
∂crµλ
, (15.14)
dλ = ∂λ + y
i
λ∂i + y
i
λµ∂
µ
i + c
r
λ
∂
∂cr
+ crλµ
∂
∂crµ
.
Its components ui(xµ, yi, cs) are given by the expression (15.6) where parameter functions ξr(x)
are replaced with the ghosts cr. The components vr and v
r of the BRST operator ϑ can be
derived from the condition
ϑ(L′) = −hrsM
r
q b
sλ
j S
j
λc
q − vrM
r
q c
q + crϑ(ϑ(b
rλ
j S
j
λ)) = 0
of the BRST invariance of L′. This condition falls into the two independent relations
hrsM
r
q b
sλ
j S
j
λ + vrM
r
q = 0,
ϑ(cq)(ϑ(cp)(brλj S
j
λ)) = u(c
p)(u(cq)(brλj S
j
λ)) + u(v
r)(brλj S
j
λ) = u(
1
2
crpqc
pcq + vr)(brλj S
j
λ) = 0.
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Hence, we obtain
vr = −hrsb
sλ
j S
j
λ, v
r = −
1
2
crpqc
pcq.
In particular, let us turn to Yang – Mills gauge theory of principal connections in Section 13.
Its constrained Lagrangian LΠ (13.22) is invariant under the gauge transformations (13.24). In
view of the transformation law (13.8), one can chose the gauge condition (13.27):
gλµSrλµ(x) − α
r(x) =
1
2
gλµ(∂λa
r
µ(x) + ∂µa
r
λ(x))− α
r(x) = 0,
which is the familiar generalized Lorentz gauge. The corresponding second-order differential
operator (15.10) reads
M rs ξ
s = gλµ(
1
2
crpq(∂λa
r
µ + ∂µa
r
λ)ξ
q + crpqa
p
µ∂λξ
q + ∂λ∂µξ
r).
Passing to the Euclidean space and repeating the above quantization procedure, we come to the
generating functional
Z = N−1
∫
exp{
∫
(pλµr F
r
λµ − a
mn
G gµνgλβp
µλ
m p
νβ
n
√
|g| −
1
8
aGrsg
ανgλµ(∂αa
r
ν + ∂νa
r
α)(∂λa
s
µ + ∂µa
s
λ)− g
λµcr(
1
2
crpq(∂λa
r
µ + ∂µa
r
λ)c
q + crpqa
p
µc
q
λ + c
r
λµ)
+iJµr a
r
µ + iJ
r
µλp
µλ
r )ω}
∏
x
[dc][dc][dp(x)][da(x)].
Its integration with respect to momenta restarts the familiar generating functional of gauge
theory.
16 Algebraic quantization. Quantum PS bracket
Canonical quantization of time-dependent non-relativistic mechanics on a fibre bundle Q→ R in
Section 7 is adequately formulated is geometric quantization of the vertical Poisson bracket {, }V
(7.11) [12, 14, 17]. This fact motivates us to investigate quantization of the PS bracket {, }PS
(4.3).
Let us note that one can quantize only linear spaces of variables, and therefore the condition
of Y → X to be a vector bundle is not a loss of generality.
In particular, in order to quantize the PS bracket {, }PS, one can be based on the fact that
this bracket defines the Lie bracket (10.21) of Noether Hamiltonian currents which brings a
vector space J (Π) of these currents into a Lie algebra. Then a representation of this algebra
by operators acting in some space can be treated as a variant of quantization of the PS bracket
{, }PS. However, such kind quantization fails to be a quantization of fields, but that of currents
in the spirit of the well known current algebra approach [49].
In a different way, we can restrict our consideration to a subspace of linear functions in yi
and pλi represented as (n− 1)-forms F
λωλ due to the isomorphism (1.18) and can modify the PS
bracket {, }PS (4.3) as
{F,G}′ =
∫
W
{F,G}PS
50
where W is some compact (n − 1)-dimensional submanifold of X . This bracket leads us to a
nuclear algebra of canonical commutation relations whose representations can be investigated in
a standard way [14, 43].
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